PRACTICE PAPERS

JEE MAIN  JEE ADVANCED JEE MAIN
MATHEMATICS

India )
MO

MOCK DRILL A e
i J EE CORNER

CONGEPT
MAP

QUANTITATIVE
APTITUDE TEST




MATHEMATICS

tOday

Vol. XXXVIII No. 5 May 2020

Competition Edge

Class Xl

Class XlI

Corporate Office:
Plot 99, Sector 44 Institutional Area,
Gurugram -122 003 (HR), Tel : 0124-6601200

e-mail : infol@mtg.in website : www.mtg.in
Regd. Office:

406, Ta) Apartment, Near Safdarjung Hospital,
Ring Road, New Delhi - 110029,

Managing Editor : Mahabir Singh

13

24

33

44

50

53

29

42

43

Editor

CONTENTS

Aml Ahlawat

Gear Up For JEE Main

JEE Main - Mock Test Paper

JEE Advanced - Practice Paper

Mock Drill For JEE

Challenging Problems

Olympiad Corner

Quantitative Aptitude Test

Brain @ Work

Concept Map

Concept Map

2 4 PRACTICE PAPERS

JEE MAIN JEE ADVANCED 52 wian,

MATH EMATICS
téeday

44

MOCK DRILL S?b LYMPIAD
" JEE CORNER

Wik

Trust of mote than
I Crore Rendar
S TARED

I

20N INS

*“CONCEPT
MAP

"OUANTITATIVE
APTITUDE TEST

Subscribe online at WWW.H’Itg.iI’I

/ Individual Subscription Rates \\

9 months 15months 27 months
Mathematics Today 300 500 850
Chemistry Today 300 500 850
Physics ForYou 300 500 850
@cﬂugy Today 300 500 850 /

/ Combined Subscription Rates \

9 months 15months 27 months

PCM 900 1400 2500
PCB 900 1400 2500
PCMB 1200 1900 34{}0_/

Send D.D/M.O in favour of MTG Learning Media (P) Ltd.

Payments should be made directly to : MTG Learning Media (P) Ltd,
Plot 99, Sector 44 Institutional Area, Gurugram - 122 003, Haryana.
We have not appointed any subscription agent.

Printed and Published by Mahabir Singh on behalf of MTG Learning Media Pvt. Ltd. Printed at
HT Media Ltd., B-2, Sector-63, Noida, UP-201307 and published at 406, Taj Apartment, Ring Road,
Near E:afdm'jung Hospital, New Delhi - 110029.

Editor : Anil Ahlawat |

Readers are adviced to make appropriate thorough enquiries before acting upon any advertisements
published in this magazine. Focus/Infocus features are marketing incentives. MTG does not vouch or
subscribe to the claims and representations made by advertisers. All disputes are subject to Delhi
Jjurisdiction only. |

Copyright@ MTG Learning Media (P) Ltd.

All rights reserved. Reproduction in any form is prohibited.

MATHEMATICS TODAY | MAY 20 9



BRAIN

QUADRATIC EQUATIONS

IDENTITY

An identity is the statement of equality between two
expressions which is always true for all values of the
variables involved. So, f(x) = g(x) is an identity if f(x)
and g(x) have same value for every value of x.

Note:

(i) A polynomial of degree n represents an identity, if

it is satisfied by (# + 1) or more values of x.

(ii) If f(x) = g(x) represents an identity, then the
coefhicients of similar terms of x are equal.

(iii) An equation ax® + bx* + c¢x + d = 0 represents an
identity in terms of x, thena=b=c=d =0.

PROPERTIES OF ROOTS OF EQUATION

Factor theorem

(i) (x- ) is a factor of a polynomial f(x) if and only
if f(o) = 0.

(ii) (x - or)* is a factor of a polynomial f{x) if and only
if flo) = f'(o) = 0. In this case, we say that o is a
repeated root of f(x) = 0 (a double root).

(iii) If (x — o)™ is a factor of a polynomial f(x) = 0,
then flo)) = /() = f"() = " (&) = .o = f (-1
(o) = 0 and f "(at) # 0.

Remainder theorem

The value of remainder, when f(x) is divided by (x — o)

(x - P), is

[f(a)—f(ﬁ))“ af (B)—B f(cv)
o.—P o—Pp '

Position of roots of a polynomial equation

If f(x) = 0 is an equation and a, b are two real numbers

such that

(i) fla) f(b) < 0, then the equation f(x) = 0 has at
least one real root or an odd number of real roots
between a and b.

(ii) If fla) and f(b) are of the same sign, then either
no real root or an even number of real roots of
f(x) = 0 lie between a and b.

RELATION BETWEEN ROOTS AND CO-EFFICIENTS OF
POLYNOMIAL EQUATION

Consider the general equation of n'" degree
fix)=agx"+ax" "'+ ...+a,_yx+a,=0, where
ag, A1s..... 4, € Candn € Z

Let its roots be o, 0 ...., . Then,

; a
e Sumofrootstaken oneatatime=_S§; = 2 o, = i
%
Sum of product of roots taken two at a time = §,
a
— 2 OLI.[I [ _2
/' a
i# ] 0

Sum of product of roots taken three at a time = S;

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

S,, = the product of roots taken all at a time = §,,

a
= Oy Olyves O, = (—1) o2
%

Number of terms in S, S5, S5, -..., S;, are respectively

rrcln ﬂCz, HC;,, s HC”‘
o floy) =floy) =flog)=floy) =..=fc,)=0
e If f{x) = 0 has n real roots, then f'(x) =0 has (n - 1)
real roots.
e If flx) =0 has n real roots, then f(x) = a¢(x - o)
(x - 0p)(x = O3) oo (X =0, _ 1)(x - O,)
e Ifay, 0y, 05 ......, O, are n roots of an equation, then
the equation can be written as

X" =S x" 1+ S x4+ L+ (1S, = 0.
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TRANSFORMATION OF EQUATIONS

¢ Anequation whose roots are reciprocals of the roots
of a given equation is obtained by replacing x by 1/x
in the given equation and simplify it to make it a
polynomial equation.

e An equation whose roots are negative of the roots
of a given equation is obtained by replacing x by —x
in the given equation and simplify it to make it a
polynomial equation.

e Anequation whose roots are squares of the roots of
a given equation is obtained by replacing x by /x
in the given equation and simplify it to make it a
polynomial equation.

¢ An equation whose roots are cubes of the roots of
a given equation is obtained by replacing x by x!/°
in the given equation and simplify it to make it a
polynomial equation.

QUADRATIC EQUATION

An equation that can be written in the form
ax* +bx +c=0V a,b,ce Rand a # 0, is called a

quadratic equation.
The solutions of the quadratic equation ax* + bx + ¢ = 0

are given by

—bi\t?—dac -bxD
- 2a . 2a

The quantity b* — 4ac is called the discriminant of the
quadratic equation and is denoted by D or A.
Usually, the two roots of ax?* + bx + ¢ = 0 are denoted
by o and B. The expression ax* + bx + ¢ can thus be
written as ax? + bx + ¢ = a(x — o) (x - B).

X

Sum and Product of Roots

—b  —(coefficient of x)
Sumofroots=S=0+p = —= 5
a coefficient of x

. C constant term
Product of roots =P =0 = — =

a  coefficient of x°
Also, (Difference of roots)? = (o - p)?

b* —4ac

JD

> = |a—5|=m

a

The quadratic equation with sum of roots S and product
of roots P is given by x* - Sx + P =0

ie., x* - (a0 + PB)x + of = 0.

The nature of the roots of ax2 + bx + ¢ =0

(i) The roots are real and distinct ifft D > 0.

(ii) The roots are real and equal iff D = 0 and the equal
root is given by x = -b/2a.
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When D = 0, ax? + bx + ¢ is a perfect square. Under
: = 2

o

| b
this condition ax? + bx + ¢ = -4\/?1[3: +2_}
a

(iii) The roots are complex with non-zero imaginary
part ifft D < 0.

(iv) The roots are rational iff a, b, ¢ are rational and
D is a perfect square.

(v) The roots are of the form p+\/t} (p, g € Q) ie,
irrational iff a, b, ¢ are rational and D is not a
perfect square.

(vi) If a quadratic equation in x has more than two
roots, then it is an identity in x.

Nature of the Roots of f(x)-g(x) =0

If D; and D, are the discriminants of the quadratic

equations f(x) = 0 and g(x) = 0, then the following

possibilities arises about the roots of the equation

flx)-g(x) = 0 are

(i) If D; + D, 20, then there will be at least two real
roots of the equation f(x) - g(x) = 0.

(ii) If Dy + D, < 0, then there will be at least two
imaginary roots of f(x) - g(x) = 0.

(iii) If Dy-D, < 0, then the equation f(x)-g(x) = 0 will
have two real roots.

(iv) If D;D, > 0 then the equation f(x)-g(x) = 0 has
either four real roots or no real root.

CONDITION FOR COMMON ROOTS
e Ifax*+bix+cy=0and a)x’+ byx + ¢, =0 have
one common root, then (a;b, - a,b,)(b,¢; - ¢1b5)
= (€102 — a16)°
e Ifapx®+byx+cy=0anda,x*+ byx + ¢; = 0 have
both roots common, then hic :i _a
a, b
e Ifthe two equation a;x* + byx +c; =0, ayx? + box +
¢, = 0 with real coeflicients have an imaginary root
common, then both roots will be common, then

ﬂl__blﬁcl

a b o

e If the two equation a;x*> + byx + ¢; = 0 ;
a»x> + byx + ¢, = 0 with rational coefficients have
an irrational root common, then both roots will be

a C
common, then —L = 4
G b o
e If every pair of three quadratic equations have a

common root, then roots are taken as o, [3; 3, Y; Y, @

e If a quadratic equation and cubic equation have a
common root, try to find the root of cubic equation
by factorization.



POSITION OF ROOTS OF THE QUADRATIC EQUATION ax? +bx+¢c=0

Wlth Respect to One Quantity (k)

o ND Situation
1. ' Both the roots are less than k
ie, o< P<k
2. Both the roots are greater than k
e, k<o<f
| 3. | k lies between the roots

le,ou<k<f

With Respect to Two Quantities kq and k3 |

S.No. Situation
1. Distinct roots lies in the interval
(kys k3)
e, ki<a<P <k
[ Interval (ki, k>) lies between the

roots i.e., A < k; < k, < B

3, ' One root lies in the interval

(kl? kz) 1.e., kI < U< kz < B

Graphicalﬂ Representation

a>0 }’A

a>0

fikRo
2

a< ()

Graphical Representation

YN

B? fiky)

a<i

ky k,
fik)

a>\0

Required Conditions |
i) D=0

(ii) a f(k) > 0
» —b
(iii) k>—

2a

(i) D >0
(i) a fik) > 0

i) kK€—
(iii) =

" 1)D>0

ii) af(k) < 0

Required Conditions

(i) D > 0
(i) a flk,) > 0
(iii) af(k,) > 0

(iv) b <— <k,
2a

(i) D>0
(ii) a f(ky) <0
(iii) af(ky) < 0

(1) D>0

(ii) fk;) flky) <0
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1. The natural number n for which the expression

y = 5(logzn)?* - logzn'? + 9, has the minimum value is
(a) 2 (b) 3 (c) 363 (d) 4

2. If o, P are the roots of the quadratic equation
x*+px+qg=0and V,d are the roots of x*+ px-r=0,
then (o0 -7v) (00— 0) is equal to

(a) g+r (b) g-r

(¢) -(g+71) (d) -(p+q+7)

3. Iforand B be the roots of the equation x* +3x+1=0,

2 2
then the valueof | _* | 4 (_B | ) is equal to
1+ o+ 1

(a) 15 (b) 18 (c) 21

4. The roots of the equation x*+6x+a = 0 are real
and distinct and they difter by atmost 4, then the range
of value of a, is

(@) (5,9] (b) [59) (c (d) [3,9)

5. Ifthe equation cot*x — 2 cosec®x + a® = 0 has atleast
one solution then, sum of all possible integral values of
a' is equal to

(a) 4 (b) 3 (c) 2 (d) 0

6. If the equation 4x* - 4(5x + 1) + p> = 0 has one
root equals to two more than the other, then the value
of p is equal to

(a) im

3
(c) 50r-1

(d) none

4, 8)

(b) +£5

(d) 40or-3

7. 'The values of k for which the quadratic equation
(1 - 2k)x?-6kx-1=0 and kx* - x+ 1 =0 have atleast
one root in common are

(a) i} (b) {1,3} © {E} d) {E,E}
|2 39 9 29

8. The minimum value of the expression

lx-p|+ |x-15|+|x-p - 15| for 'x' in the range
p< x <15 where 0 <p<15is

(a) 10 (b) 15 (c) 30 (d) 0

9. If x,y,zarerealsuchthatx+y+z=4,x>+y*+2°=6,
then the range of x is

(a) (-1, 1) (b) [0, 2]
(c) [2,3] (d) [2/3, 2]

10. The roots of the equation a(x-b) (x—-c) + b (x - c)
(x —a)+c(x—-a) (x-b)=0(a, b, care distinct and real)
are always:

O

MATHEMATICS TODAY | MAY'20

(b) negative
(d) unreal

(a) positive
(c) real

11. If tanO and cotO are the roots of the equation
x*+2x+ 1 =0, then the least value of x*+ tan6x + cot0 =0,
18
@3 ®2 02 @

4 4 4 -
12. If one solution of the equation x* — 2x? + ax + 10 = 0
is the additive inverse of another, then which one of the
following inequalities is true?
(a) = 40<a<- 30 (b) -30<a<-20
(c) =20<ca<c=10 (d) -10<a<0

13. Suppose a, b and c are positive numbers such that
a+ b+ c=1, then the maximum value of ab + bc + ca
is

(a) 1 b L © (d) 2

3 1 2 3
14. Assume that p is a real number. In order for

E/ x+3p+1-3Jx=1 to have real solutions, it is

necessary that
(a) p=1/4
(c) p=21/3

15 Let o, [,y are roots of the equation x° + gx + g = 0,
then find the valueof (a0 +B) ' + (B +y)~' + (y + o).

(b) p=-1/4
(d) p=>-1/3

(a) O (b) -1 (c) 1 (d) none
16. PQRS is a common diameter of P
three circles. The area of the middle L

circle is the average of the area of the
other two. If PQ =2 and RS =1 then the

length QR is R
(@) J6+1 (b) 6-1 -
(c) 5 (d) 4

17. If every solution of the equation 3 cos?x — cosx —1=0
is a solution of the equation acos®2x + bcos2x - 1 = 0.

Then the value of (a + b) is equal to
(a) 5 (b) 9 (c) 13 (d) 14

18. If all values of x obtained from the equation
4* + (k - 3)2* + k = 4 are non-positive, then the largest
integral value of kis

(a) 1 (b) 2 (d) 4

19. Let ry, r, and r3 be the solutions of the equation
x> — 2x% + 4x + 5074 = 0 then the value of

(ry + 2)(ry + 2)(r3 + 2) is
(a) 5050 (b) 5066 (c)

(c) 3

-5050 (d) -5066



20. If oo and [ are the roots of the equation
(logyx)? + 4(logyx) — 1 = 0, then the value of
loggat + loge P equals

(a) 18 (b) -16 (c) 14 (d) -18

21. Let m(b) be the minimum value of f(x) = (2 + b + b?)x*

-2/2 (2b + 1)x + 8, where b € [-3, 10].The maximum
value of m(b) is
(a) 2 (b) 4 (c) 6 (d) 8

22. The graph of a quadratic Yy

polynomial y = ax? + bx + ¢

(a, b, c € R) with vertex on y-axis \‘/

Then which one of the following Ol <

statement is INCORRECT?

(a) Product of the roots of the corresponding quadratic
equation 1s positive.

(b) Discriminant of the quadratic equation is negative.

(c) Both (a) and (b)

(d) None of these

23. The quadratic equation x* — 1088x + 295680 = 0
has two positive integral roots whose greatest common
divisor is 16. The least common multiple of the two
roots 1s

(a) 18240
(c) 18960

is as shown in the ﬁgure.

(b) 18480
(d) 19240

24. Given a, b, c are non negative real numbers and if
a’+b*+c?*=1, thenthe valueofa+ b + ¢ is

@ 23 () 22 (9 V2 (4 =V3
25. 'The set of values of 'a’ for which the inequality,
(x-3a)(x-a-3) <0 issatisfied for all xe [1, 3] is

(a) (1/3,3) (b) (0, 1/3)
(c) (-2,0) (d) (-2,3)

26. If the roots of the cubic, x* + ax* + bx + c =0 are
three consecutive positive integers. Then the value of

2
4 _ isequalto
b+1
(a) 3 (b) 2 (c) 1 (d) 1/3

27. If xbe the real number such that x° + 4x = 8, then

the value of the expression x” + 64x” is
@) 124 (b) 125 (c) 128  (d) 132

28. Ifthe roots of the equation x° — px*> —r=0are tan a,
tanf} and tany, then the value of sec?c. - sec?f - sec?y is
(@) p>+r*+2rp+1 (b) p>+r2-2rp+1

(c) p*-r*=2rp+1 (d) None

29, Number of quadratic equations with real roots
which remain unchanged even after squaring their
roots, 1s

(a) 1 (b) 2 (c) 3 (d) 4

30. For a, b, c non-zero, real distinct, the equation,
(a* + b?)x* - 2b(a + ¢)x + b* + ¢ = 0 has non-zero
real roots. One of these roots is also the root of the
equation

(a) a’x*-alb-c)x+bc = 0

(b) a’x?* +alc-b)x-bc = 0

(c) B> +cA)x?>-2ab+c)x+a*=0

(d) (B2-cAx2+2alb-c)x-a%>=0

31. If roots of the quadratic equation x“+ ¢ = bx are
two consecutive integers, then b* - 4¢ equals

a -1  (b) 2 (©) 1 d) 0

32. If the equation sin*x — (k + 2)sin’x - (k +3) =0
has a solution, then k must lie in the interval

(a) (-4, -2) (b) [-3,2)

(c) (-4, -3) (d) [-3,-2]

33. Number of solutions of the equation

J? =12 +y(x-2)? =5, is
1

(a) 0 (b)
te) 2 (d) More than 2

34. Leta, b, c be three real numbers suchthata+ b +c=0
and a? + b? + ¢? = 2. Then the value of (a* + b* + ¢%) is
equal to

(a) 2 (b) 5 (c) 6 (d) 8

35. A solution of the equation 4* + 4.6* = 5.9% is
(a) -1 (b) 1 (c) 2 (d) 0

36. Consider two quadratic expressions f{x) = ax? + bx + ¢

and g(x) = ax* + px+q,(a, b, ¢, p,g€ R, b#p) such that

their discriminants are equal. If f{x) = g(x) hasa root x =

o, then

(a) o will be A.M. of the roots of f(x) = 0 and
gx) =0

(b) o will be A.M. of the roots of f(x) = 0

(c) o will be A.M. of the roots of f(x) = 0 or
g(x) =0

(d) o will be A.M. of the roots of g(x) =0

37. Consider the two functions f (x) = x* + 2bx + 1 and
g(x) =2a(x+ b), where the variable x and the constants a
and b are real numbers. Each such pair of the constants
a and b may be considered as a point (g, b) in an ab -
plane. Let S be the set of such points (a, b) for which the
oraphs of y = f (x) and y = ¢ (x) do not intersect (in the
xy — plane.). The area of § is

(a) 1 (b) = (c) 4

2

(d) 4m
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38. The polynomial P(x) = x° + ax* + bx + ¢ has the
property that the mean of its zeroes, the product of its
zeroes, and the sum of its coefficients are all equal. If the
y-intercept of the graph of y = P(x) is 2, then the value of
b is

(a) -11 (b) -9 (c) -7 (d) 5

39. A quadratic equation, product of whose roots
x; and x; is equal to 4 and satisfying the relation

X1 49

4 =218

(a) x*-2x+4=0 (b) x2-4x+4=0
(c) x*+2x+4=0 (d) x*+4x+4=0

40. Number of values of x satistying the pair of
quadratic equations x* — px + 20 =0 and x* - 20x + p =0
for some p € R, is

(@) 1 (b) 2 (c) 3
DLUTION

(d) 4

1. (d):Letlogin =x
o y=5x*-12x+9

o e b 12 6
yisminimumatx=——=—=—
2a 10 5
6 6/5
Here logsn = = = n=3"""=3.70

which is not natural. Hence
minimum occurs at the closest

i

o 3 365 4

integer. Now 4 > 3%/

= 4°°33°

= 1024 > 729, which is true

2. (c) : If roots of equation x* + px + g = 0 are o and

B,theno+ PB=-pand o3 =g

and if roots of equation x* + px — r = 0 are Y, 8 then

Y+0=-p,Y=-r

Now, (0t -y) (a0 =8) =0? - (Y + 8)aL + YO = o? + potL — 1

=—(g+7r) {2 +pa+qg=0= o+ pa=-g}

3. (b):ou+P=-3 of =1.

0’ +300+1=0 and PB?+ 3B + 1 = 0, where

o =-Ba+ 1) and B2 = -3 + 1)

Lt = o’ i BZ = o’ + Bz
(1+B)* (a+1)*  1+2B+p>

=[—(3{1+1))+(—(1+3B)J
B —q

_1+3{x+1+36_a(1+3a)+B(1+3B)
B e of

1+2(x+a2

(asof=1)
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=3+ B2 + (a + B) =3(9 - 2)
=21 -3 =18.
4. (b):If roots are real and distinct, then A > 0
For equation x* + 6x + a = 0.
36 -4a>0 or a<?9 w4CE)
Also, - pB<4 = (a-p)*<16
= (a+ B -40p <16
= 4a 220 = a=25.
5. (d):cot®x - 2(1 + cot?x) + a®> =0
= cotix = 2 cotPx+a®2<2=0
= (cotx'- 1)2= 3 — g*
To have atleast one solution 3 — a? = 0
= g2-3<0= ac[-/3,43]
Integral values of a are -1, 0, 1
Required sum = 0.
6. (b):4x* -4(5x+1)+p*=0
= 4x? - 20x + (p> - 4) =0
Now, two roots are o, o + 2
20 5 3

v 2 2=maaimh = dlma = ==
4 2 2

2 2
and 1:::&(0¢+2):P4 s —}g{é+2}zp ¢

+i(~3)

~l
b

—

b | W9

2 4

= p°=25 = p==x5

7. (c) : Let the common root be o
(1 - 2k)o? - 6kot =1 =10

andko® — o +1=0

o o 1

—6k—1 —k—(1-2k) —(1—2k)+6k?

2

—

o o 1
—(6k+1) k-1 6k*+2k—1
2 —(6k+1) k—1

= @ = O
6k™ +2k—1

F

6k> +2k—1
(k - 1)? = —=(6k + 1) (6k* + 2k - 1)
k% + 2k -1 = 36k3 + 12k? - 6k + 6k? + 2k - 1
36k + 19k - 6k=0 = k (36k*+ 19k - 6) =0
k#0 . 36k?+19%k-6=0
= 36k’ +27k-8k-6=0
= 9%k(4k+3)-2M4k+3)=0
.
—

-4 1l

(4k + 3) 9k -2) =0

Sl L
4 9



8. (b):|x-p|l=x-p (Since x=p)

lx = 15| = 15 - x (Since x < 15)
lx-(+15) |=(p+15) -x  (Since 15 + p > x)
The given expression reduces to

E=x-p+15-x+p+15-x

= E=30-x 0 p
E. .y occurs when x = 15
E in = 15.

9. (d):x+y+z=4 and x*+ y* + z° = 6,
then xy + yz+ zx =5

y+z=4-x L)
and yz=5-x (4 - x) ..(i)
Now, if y and z are roots of any quadratic, then
f)=t2-(4-x)t+5-x(4-x)
If t is real then D = 0
= (4-x)2%-45-x(4-x)]=0
= 16 +x2-8x-20+4x(4-x)=0
= 16 + x* - 8x - 20 + 16x - 4x* > 0
—
=

3x2+8x-4>0 = 3x2-8x+4<0

2
XE|l—,2
3

e ==l

10. (¢) : a[x? - (b + ¢)x + bc] + b[x* - (¢ + a)x + ac]

+c[x? - (a+ b)x + ab] =0

= (a+ b+ c)x? - 2x(ab + bc + ca) + 3abc =0

Now, D = 4(ab + bc + ca)? — 12abc(a + b + ¢)

= 4[a’b? + b*c* + c*a® + 2abc(a + b + ¢) -
3abc(a+ b+ ¢) |

= 4[a*b* + b?c? + c?a® - abc(a + b + ¢)]

=2 [(ab - bc)* + (bc - ca)* + (ca - ab)? ] >0

11. (c) : If tan0, cotO are roots of the equation
x? +2x +1 =0, then

tan® + cot® = -2, then tan® = -1 and cot = -1
The least value of x* + tanOx + cot®

1 9
= x° —x—lz(xz—x+]—

LR

Least value of function is _E
4

12. (d): If o, P, y are the roots of the equation, then
o+ P +7y=2. Also, oo + 3 =0 (where o,  are additive
inverse)

Y = 2 which must satisfy the given equation

a=->

13. (a):a? + B>+ c2=1-2Zab (i)
Hence a2+ b?+ c2> ab + bc + ca
= 1 -2 2ab = 2ab [Using (i)]

1
= 12 3 Xab Zab£§

14. (b) : We have, 3/x+3p+1=3/?c+1, Let Jx=h

= Jx+3p+l=h+l

= x+3p+1=h>+3h*+3h+1
= W +3p+1=h+3h*>+3h+1
= 3h*+3h-3p=0

For real solution D = 0
soobP—-dac=1+4p= 0

or p=-1/4

Alternate solution :

f‘jx+3p+1+(—§/;)+(~—l)=[}
fa+b+c=0 = a°>+ b+ c=3abc
= x+3p+1-x-1=3[(x+3p+1)(x)]3
= 3p =3[(x + 3p + 1)(x)]'/3
= pP=x(x+3p + 1)
x>+ @Bp+1x-p*=0
For real roots D >0
= 4p° +9p*+6p+12>0
= (p+1)*@p+1)20=>p=>-1/4.

15. (¢) : Given «, 3, y are roots of the equation
x> +gx+q=0
Now, (0 +B) T+ (B+y)+ (y+ o)

__1__1__1:_[ctB+Bv+vﬂtJ:1
Yy o P oy
{." af + By +yo =g, afy = -g}

16. (b): Let QR = x
Then the diameters are 2, x + 2, x + 3

2 2
2°+(x+3
=% x )=(x+2)2
2
= 2(x + 2)?= 2% 4 (x + 3)?
— 2(x*+4+4x) =4+ (x* +6x + 9)

= X +2x-5=0 = x=6-1

17. (c) : From 1% equation, cosx=

6

2
Now, cos2x =2cos” x—1=— (1+13 iZ\/TS)—I

36
14421318 +2J13-4 H/13-2
18 18 9
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13-2 1349
. COS2xy = \/_ and cos2x, =— (\/_ )
9 9
Now from 2"¢ equation,
acos?2x + bcos2x — 1 =0
1
. COS2X;:CO82Xx5 =——
a
1 13—4 1
——=|—|=—= = a=9
a 81 9
b b
and cos2x; +cos2x) =——=——
a 9
b 4
——==— = b=4
9 9
a+b=13.

18. (¢) : Let 2* = t, then
P4 (k-3)t+(k-4)=0

2
L k=3 (k=3 —4(k—4)

2
—(k—3)*x (k- —2k+
= = B—)xk—5) = = K 8—~>t:—k+4
2 2
x is non positive, then x < 0
0<2*<1

— 0<-k+4<1 = 3<k<4
Largest integral value of k is 3.

19. () : x> — 2x% + 4x + 5074 = (x - r{)(x = 15)(x - 13)
Put x = -2
-8 -8 -8+ 5074 = —(2 + rl)(2 T ?‘2)(2 -+ Tg)

5050 = —(2 + r1)(2 + 1)(2 + 13)
or (2+ r)@2 + r)(2 + r3) = -5050.

20. (d) : log,o + log,3 = -4; log,o - log,p = -1
log, o .\ log, B3
log, P

Now logg at+log, B= s 1
2

(log, o0)* + (log, B)*
log, o-log, B

= —[(log,o. + log,P)? - 2log,0t - log,P]

21. (d): f(x)=Q+b+b*)x* —2J2(2b+1)x +8

—
—

_ _ 2 _ 2
Min value of f(x)= - 8@+l 2 322+b+07)]
b 4(b* +b+2)
56

4(b* +b+2)

= m(b)=
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Maximum value of m(b) is obtained, when minimum
value of b% + b + 2 is obtained.
Minimum value of b* + b + 2

2
=] —1 1 1
= — | ¥ — -|-2=_—_+2=_7
2 2 4 2 4

. Maximum value of m(b) = — = 8
4%
4

22. (d)

23. (b): x* — 1088x + 295680 = 0
Let oe and P be the the roots of given equation.
Also let o0 = 16k, and B = 16k,
(As H.C.F. of roots is 16)

Now, oy = (H.C.F (o, ) (L.C.M (., B))
= 295680 = 16(L.C.M. (o, B))
295680

16

= 184380

= LCM(a,p)=

24, (d): Using RM.S. 2 AM 1in a, b, ¢, we get
>u+b+£

\/a2+bz+c2

3 3

— J32a+b+c = a+b+c<3

25. (b) : The given equation is x* — (4a + 3)x + 3a(a + 3)
Now, f(1) <0and f(3) <0
A

0

(1-3a)(l1-a-3)<0
l1-a-3-3a+3a*+9a<0

3 +5a-2<0= 3a*°+6a-a-2 <0
3a(a+2)-(a+2)<0
(a+2)3Ba-1)<0

Again, (3-3a)(-a)<0=(a-1)a<0

1

29 1/3
—= O0<acx<l

1
Hence, a & (0,5)

26. (a) : Let n, n + 1, n + 2 are the roots of the given

L4441

— —0

equation.
Sum =3(n+ 1) = -a



= a?2=9(n + 1)? (i)
Let sum of the roots taken 2 at a time = b
nn+ 1) +n+1)n+2)+n+2)n)+1 b+ 1
(adding 1 on both sides)
= W +n+n*+3n+2+n*+2n+l1=>b+1
= b+1=3n*+6n+3=3(n+1)>

2
= b+1=3n+1)?*= %- [Using (i)]
2
L e
b+1

27. (c) : Given, x> + 4x - 8 =10
Let y = x” + 64x?

= f(xfi +4x—8) - 4x° + 8x* + 64x°

ZEIO

= —4x° + 8x* + 64x?

—4x% (x° +4x—8): + 8x* + 16x° + 3247
ZS;D

= 8x* + 16x° + 32x°

=8x (x” +4x—8) + 16x° + 64x
Zero
=16(x> +4x—8)+128 =128

ZCTO

28. (b): Ytana=p, ¥ tano-tanf=0, [[tana=r

Now, sec’0i-sec*f3-sec?y

= (1 + tan?o))(1 + tan?B)(1 + tan?)

=1+ Z(t:m2 o) + 2(’[&112 0+ tan’ B)+ tan” o/~ tan’ B-tzm2 y

}JCHﬂﬂ :E:tfﬂlz C{::(j:Eltﬂllfljyz'—fzzzltﬂllfx'tﬂllf5=:jDZ

E*fsm2 o - tan’ ﬁ:( ) tana-tanf )2

—Ztan{x-tanﬁ-tan“{( Etana)
=0 -2rp
Also, []tan® o =7

HSECZ{E=1+p2—2rp+r2=1+(P—T)2

29. (¢) : off = o*p? b
ando? + B2 =a + f3 ..(2)
Hence a3(1 —of) =0 = a=0orP=0oroff =1
If oo = 0, then from (2),p=0orp =1

— Roots are (0, 0) or (0, 1)
Ifp=0,thena=0o0roa=1

= Roots are (0, 0) or (1, 0)

1 1 1
Ifp= —; theén X+ =0+
o o o

T A 1

= | Oih—.| —2 50+

o o

==

Hence, 2 -t -2 =0

= (t-2)(t+1)=0 = t=2 or t=-1
Ift=2 = a=1and P =1, if t = -1, then roots are
imaginary (o or ®?).

30. (b) : Let ., P are the roots of the given equation.
2b(a+c),[ 46 (@+c) —4a® +5°) (b7 +°)
2(a* +b%)

. 0LP=

bitadic) i\/bz (P +2ac+ ) - @R+ + b+ 2

a +b

—

b (a+c) i\/— (b‘4 —2V%ac + a’ cZ)

a’ + b

b(a+o) i\/_ (b* —acy

a7

In order that roots may bereal D>20 = D=0
= ¥« gé=0 == G
Hence roots are co-incident and equal to

b (a+
;ﬂ ‘) =—b which satisfies B.

a +ac 4

31. (¢) : We have, x* - bx +c=0
Let the roots are ot and o + 1

Sumof roots =200+ 1 =105 i)
Product = oot + 1) = ¢ (11}
From (i), o = (b - 1)/2
Put the value of o in (ii), we get

- (222

= b2 -2b+1+2b-2=4c= b*-4c=1

(k+2) i\/(k+2)2+4(k+3)
2

32. (d): sin® x=

(k+2) J_r\/kz +8k+16  (k+2) £ (k+4)
2 - 2

— sin’x =k + 3 or -1 (rejected)
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= 0k+3<1 = -3<5k<-2
33, (¢) :|x| = |x - 1] + |x - 2| = /5
Forx22,x- & ~-1)+%-2= 5
= x:1+\/§

For1<x<2, x-(x-1)+(2-x)= .5
= 3=x=J5

= x=3-5
For0<x<1l, x-(l-x)+2-x= /5

— x=+/5-1 (No solution)
Forx<0, x-(1-x)+2-x= /5

= le—\/g

Hence, x=\/§+l or x=1—\/§

34. (a): Given,a+ b+ c=0

andag? + b2 + c2 =2

= (a%+ b* +c*)?2 =14

= a*+ b* + & + 2[a%b® + b’c? + *a?] =4

Leta*+b*+c*=E

Hence, E + 2[(ab + bc + ca)? = 2abc(a + b + ¢)] = 4
E+2(@b+bc+ca)=4 ..(0) (Asa+b+c=0)

Again, (@ +b+¢)*=0 = EHZ-I-ZEQEJ:{}
= 2+ 2(ab + bc+ca) =0
= ab + bc + ca = -1

From (i), E+2 =4

Bi=2

35. (d) : 4 + 4.6 = 5.9%

- £ et = (] el

X
2
Let (EJ =1{ , then t+4=5(1) — P +4t-5=0

(No solution)

[

= (t+5)(t-1)=0

=y £#=5 (As t can't be negative)

X
2
=] =3 (—) =1 = x=0 is the solution.

3
36. (a) :a0® + bo + c = ao? + po+ g [0 flor) = g(o)]
oy 15 (1)
b—p

A.M. of roots of f(x) = 0 and g(x) = 0 is

—b/a—pla  b+p
4 4a

Since it is given that discriminants are equal

(Number of roots is 4)

m MATHEMATICS TODAY | MAY'20

b> - 4ac = p? - 4aq
= b* - p? = 4ac - 4aq

b-i—p_c—q__
4a b-p

= o [From (i)]

o = A.M. of roots of f(x) = 0 and g(x) = 0

37. (b) : We need x? + 2bx + 1 = 2ax + 2ab not to
have any real solutions, implying that the discriminant
is less than or equal to zero. Actually calculating the
discriminant and simplifying, we get a® + b* < 1, which

describes a circle of area 7 in the ab plane]

38. (a) : The y-intercept is at x = 0, so we have ¢ = 2,
meaning that the product of the roots is —2. We know
that a is the sum of the roots. The average of the roots
is equal to the product, so the sum of the roots is -6,

and a = 6. Finally, 1 + a + b + ¢ = -2 as well, so we
have 1+ 6+b+2=-2 = b=-11

4
39. (a) : Given, x| x, =4 = X =—
*
X X
Consider —1 _+_"2 =2
4
X X X 4
=5 + =2 = + =2
x —1 i—l x—1 4-x
*1

= 4x; —x°+4x1-4=2(x;-1) (4 - x1)

= %> — 2% +4=0= ¥*-=2%+4 =0

40. (¢) :x* - px +20=0

and x* -20x+p =0

If p = 20, then both the quadratic equations are identical.
Hence, x:10+4\/§

or x=10—4/5 satisfy both.

If p # 20, then x* — px + 20 = x> - 20x + p

= (20-p)x+(20-p) =0

= x=-1and p = -21

Hence, there are 3 values of x

f.e.,{1ﬂ+4J§, 1[}—4\/3,—1}
L@
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Equation of circle
Let C(h, k) be the centre of the circle and CP(= r) be the radius
of circle, then equation of circle is

(x=h)?*+(y-k)?=r"..00) Va

Hﬂw, if origin (U,‘D) be the centre of P(x, )
circle, then eq. (i) becomes,
x*+y*=r  ..(ii)
The area of the circle is given
by 7r? sq.unit.
General Equation of Circle O P

The general equation of second degree may represents a circle,
if the coefficient of x* and coefficient of y* are identical and
the coefficient of xy becomes zero. i.e.,

ax*+ by? + 2hxy + + 2gx + 2fy + ¢ =0 a:(1)
represents a circle, if (a) a = b i.e., coefficient of x* = coeflicient
of yz and (b) h =0 i.e., coeflicient of xy = 0, then Eq.(i) reduces
as, x> + y* + 2gx + 2fy + ¢ = 0 whose centre and radius are

('_g:r *f) and ng 1 fz ' fESpECti?EIY.
e Equation of circle in diameter form
Let A(I], ;Vl) Elﬂd }r+

B(x,, ¥,) be the end points P(x, y)
of a diameter of the given S (e 7.)
circle and let P(x, y) be (’ 2 Vs
any point on the circle. A

From figure, ZAPB (x,, ¥
= 9()° X = > X

Slope of AP, L
m, :[y"yljandslnpeofBP,mz :{y_sz

o 2 X=%,

For perpendicular, m; - m, = -1
AP.BP=-1

N {y—h)f%:h)=l
X — X4 X=X,

= (x-x)x-x) + (y-y)y-y) =0,
which is the required equation of circle in diameter form.

Equation of circle in different cases :
Y

e Case l: When the circle passes
through the origin (0, 0) : Let the
equation of circle be
(x -h)?*+ (y-k)?=r* ..>0)

.+ It passes through origin (0, 0)
W+ k% = r?

. Equation (i) becomes,
(x=h)?+(y-k)?=h*+ Kk
= x>+ h* - 2hx+y* - 2ky + k* = h?* + k?
= x*+y*-2hx-2ky=0

e CaselIl: When the circle touches x-axis:
Let the centre of circle be VA

cases arises i.e.,

@ Casel: Let P lies outside
the circle, then equation of
circle is

(@a—h)2+ (b-k?>r

e Casell: Let point P lies on
the circle, then equation of

circle is

(@a-h)?*+((b-k)=r?

C(h, k), and it touches x- axis
at point P, then the radius of
circle is CP = k]
" Equation of circle is
(x-m2+(y-R?=(cpP=k2  © P
or x*+y*-2hx-2ky+h*=0
o  CaseIIl : When the circle touches y-axis:
Let the centre of circle be C(h, k) and
it touches y-axis at point
P, then the radius CP = |h| p
. Equation of circle is @
(x - h)? + (y - k)? = (CP)* = h?
or x* + y* - 2hx - 2ky + k* = 0 O o
e CaselIV : When the circle touches both axis:
In this case || = |k| = ..
Then the equation of circle is
(x — h)? + (y — k)? = r* where, |h| = |k| = |r| = «
(x+ ) + (y + o) = o?
or x* +y*+20x + 200 + 0¥ =0
Position of a point with respect to a circle
Let C(h, k) be the centre and r be the radius of the circle and
P(a, b) be any point in the plane of the circle, then three
.Q/P[u, b)
.J(H’ |
e CaseIll: Let point 'P' lies ;
o)
inside the circle, then equation QY
C(h, k)
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of circle is

(a-h)?+(b-k)?<r?



Equation of circle in parametric form

¢ Casel: Let P(x, y) be any point on the circle
x? + y* = r%, then from fig. ZMOP = 6. On resolving the
components, we get Ya

x= OM = rcosO et
r S Pl )
0. >

and y = PM = rsin® ....(ii)
Here eqs. (i) and (ii) are the < M
required parametric form of ¥ \ ’/

the circle x* + y* = r?, where
0’ is a parameter. v

Case II : Parametric form

of equation of circle, if %

(h, k) is the centre and r being

the radius is

x =h + r cos0,

y=k+rsinB,0<0<2n X' >
O*y" X

where 0 being the parameter.

¢  Theleastand greatest distance of a point from a circle
Let S = 0 be a circle and A(x;, y;) be Q
a point. If the diameter of the circle
is passing through the circle at P and
Q, then AP = AC - r = least distance.
AQ = AC+ r = greatest distance where
r is the radius and C is the centre of circle.

Alxy, yy)

Condition of tangency

® A line L = 0 touches the circle § = 0, if length of
perpendicular drawn from the centre of the circle to the
line is equal to radius of the circle i.e., p = r. This is the
condition of tangency for the line L = 0.
Circle x* + y* = a? will touch the line y = mx + ¢ if

C =ia1}1+m2

(a) If a*(1 + m?) - ¢* > 0 line will meet the circle at
real and different points.

(b) If ¢ = a?(1 + m?) line will touch the circle.

(c) If a*(1 + m?) — ¢ < 0 line will meet circle at two
imaginary points (i.e. will never meet the circle).

Equation of tangent and normal

e Equation of tangent : The equation of tangent to the
circle x* + y* + 2gx + 2fy + ¢ = 0 at a point (x;, ¥;) is
xx1+yy+glx+x)+fly+y1)+c=0
or IT=0
The equation of tangent to circle x* + y* = a2 at point
(x1, 1) 18 xx1 + yy; = a*.
e  Slope form: From condition of tangency for every value

of m, theline y = mx+a\1+m® isatangent of the circle

x? + y* = a” and its point of contact is

[ Tam ta ]
Vi+m® VJ1+m?
e Equation of normal : Normal to a curve at any point

P of a curve is the straight line passing through P and
is perpendicular to the tangent at P. The equation of

16

MATHEMATICS TODAY | MAY '20

normal to the circle x* + y* + 2gx + 2fy + ¢ = 0 atany point
ntf

(x=%)
X t§g

(X1, y1)is y =y =

e Length of tangent : From any point, say P(x;, y;)

two tangents can be drawn to a circle which are real,
coincident or imaginary according as P lies outside, on
or inside the circle.
Let PQ and PR be the two tangents drawn from
P(xy, y,) to the circle x* + y* + 2gx + 2fy + ¢ = 0. Then
PQ = PR s called the length of tangent drawn from point
P and is given by

PQ=PR=[x} +y} +2gx +2fp +c =[5
Is, Q

R

e  Pair of tangents : From a given external point P(x;, y;)

two tangents PQ and PR can be drawn to the circle,
S=x>+y*+2gx +2fy +c=0.
Their combined equation is SS; = T?, where
§ = 0 is the equation of circle, T' = 0 is the equation of
the tangent at (x;, y;) and §; is obtained by replacing x
by x; and y by y; in §.

Director circle
The locus of the point of intersection of two perpendicular
tangents to a circle is called the Director circle. Let the circle
be x* + y* = a?, then equation of pair of tangents to a circle
from a point (x;, y;) is

(x% + y* — a®)(xf + yi - a?) = (xx; + yy; - a?)
If this represents a pair of perpendicular lines then coefhcient
of x* + coeflicient of y* = 0

2—;Jc:lz)+(;*¢:12+yl?:—::12—})12):0

2

e, (x; +yi—a
Sy 0 B

= Xx;+y;=2a

Hence the equation of director circle is x* + y* = 2a°.

Obviously, director circle is a concentric circle whose radius

is /2 times the radius of the given circle.
Director circle of circle x* + y* + 2gx + 2fy + ¢ =0 is

X+ +2gx+2fy+2c-g - f*=0
Chord of contact
The chord joining the two C

points of contact of tangents A

to a circle drawn from any

external point A is called ~ p)1)

chord of B

contact of A with respect

to the given circle. Let the given point is A(x;, y;) and the
circle is S = 0 then equation of the chord of contact is
T=xx;+ypn+gx+x))+f(y+y)+c=0 ... (i

Note : (i) It is clear from the above that the equation of the
chord of contact coincides with the equation of the tangent,
if the point (x;, y;) lies on the circle.



(i) The length of chord of contact = 2\/ r’—p
a(xi +y; —a’)"”

¥

(iii) Area of AABC = ,
X1 TN

Equation of a chord whose middle point is given
We have the circle x* + y?> = g% and middle point of chord is

P(x1, y1).

Slope of the line OP = ﬁ; slope of AB = M
*1 N1
So equation of chord is
X
Y=y =——(x-x)
4! A 5

or xx,+ yy,=x; +y; P(xy, y,)

which can be represented by T = §;.

Common chord of two circles

The line joining the points of intersection of two circles is

called the common chord. If the equation of two circles is
S, =x*+y*+2gx+2fiy+¢,=0
S, =X+ +20x+ 2Ly +c=0

then equation of common chord is

$51-8=0 = 2x(g1 - Q)+ 2Y(h-f) +e1-62=0

The length of the common chord is

2t = pt =21 - p3
where p; and p, are the length of perpendicular drawn from
the centre to the chord.

Angle of intersection of two circles
The angle of intersection between two circles S = 0 and §" =
0 is defined as the angle between their tangents at their point
of intersection. If

S=x>+y* +2g1x+ 2fiy +¢; =0,

S=x*+y*+20x+ 2Ly +c,=0
are two circles with radii ry, r, and d be the distance between
their centres then the angle of intersection 6 between them
is given by

cosO = ,.12 il rzz ~d’
2n 1,
or cosf= 20218, + fi.fs)— (e t¢)

2\/glz+flz_fl\/3§+fzz_f2

e Condition of orthogonality:
If the angle of intersection of
the two circles is 90° then such
circles are called orthogonal
circles and condition for
orthogonal circles and
condition for orthogonality is $=0 S'=0
20195 + 2f1 f> = ¢; + ¢;. When
the two circles intersect orthogonally then the length
of tangent on one circle from the centre of other circle
is equal to the radius of the other circle.

Power of a point with respect to a circle
The power of a point P(x;, y;) with respect to the circle x* +
¥ + 2gx + 2fy + ¢ = 0 is S; where

S, =x; +yi +2g%, +2fy, =0

Radical axis

The radical axis of two circles is the locus of a point which
moves such that the lengths of the tangents drawn from it to
the two circles are equal in length.

Some properties of the radical axis are as follows :

@ The radical axis and common chord are identical
: Since the radical axis and common chord of the
two circles S = 0 and §* = 0 are the same straight line
S - § = 0, they are identical. The only difference is that
the common chord exists only if the circles intersect in
two real points, while the radical axis exists for all pair of
circles irrespective of their position.

Common tangent

Touching circles

Radical axis

(&)

Non-intersecting circles

Common chord

g

Intersecting circles

The position of the radical axis of the two circles
geometrically is shown below:

P(xl, Y1)

S'=i0

From Buclidean geometry, (PA)* = PR - PQ = (PB)?

o  Theradical axis is perpendicular to the straight line which
joins the centres of the circles.
Consider, S=x? + y? + 2gx + 2fy +c=0 ... (i)
and S;=x% + )2 +2g1x + 2fiy + ¢ =0 ... (ii)
Since C; = (-g, -f) and C, = (-g;, —f;) are the centres of
the circles (i) and (ii), then slope of

CC, = ~hi+d _ f=1
—51t8 £7&
Equation of the radical axis is
2@-g)x+2(f-fily+c—c;=0
—(g— &)

= my; (say)

Slope of radical axis is = m, (say)
f=h
Mo = -1
Hence C;C; and radical axis are perpendicular to each
other.
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The radical axis bisects common tangents of two
circles: Let AB be the common tangent. If it meets the
radical axis LM at M, then MA and MB are two tangents
to the circles. Hence MA = MB since lengths of tangents
are equal from any point on radical axis. Hence radical
axis bisects the common tangent AB.

Y T

[t the two circles touch each other externally or internally,
then A and B coincides. In this case the common tangent
itself becomes the radical axis.

"

The radical axis of three circles taken in pairs are
concurrent : Let the equation of three circles be

S, =x*+y +2gx+2fiy+c;=0 o (1)
(1)

S =x+ Y2 428, x+2f,y+¢; =0 .. (1)
The radical axis of the above three circles taken in pairs
are given by

S, =8, =2x(g1— g)+2y(fh - f)+a—=0 ..(iV)
8, =8, =2x(g, — &) +2y(f, - L)+ -6 =0 .. (V)
S =8 =2%(e, —g )+ 2 =) +e =ep=0 ...(vi)
Adding (iv), (v) and (vi), we find LHS vanished identically.
Thus the three lines are concurrent.

If two circles cut the third circle orthogonally, then the

radical axis of the two circles will pass through the centre
of the third circle.

S Exz-l—y2 +2g,x+2f,y+c, =0

OR

The locus of the centre of a circle cutting two given
circles orthogonally is the radical axis of the two circles.

Let S, =x"+y* +2g,x+2f,y+¢; =0 (1)
S, =x"+ " +2g,x+2f,y+¢, =0 weiki1)
S3Ex2+y2+2g3x+2f3y+c3=0 ... (111)
Since (i) and (ii) both cut (iii) orthogonally
20183+ 2fifs=¢1 + ¢;3

and 2g, g3 + 2fhf3=¢2 + €3
Subtracting, we get

2031 - @) +2fh{(fi-H)=a -

Now radical axis of (i) and (ii) is
§51-8=0o0r2x(g;-@)+29(f1-fr)+c1-6=0
Since it will pass through the centre of (iii) circle
s =2pale—) —20(fi ~ ) F o -6 =0

or 2g3(g1-&) +26(h-f)=a-0a «(¥)

which is true by (iv).

(1)

Some important results to remember

18

[f two conic sections

alxz +2hlxy+bly2 +2g:x+2f,y+¢, =0 and

ﬂzxz +2h,xy + bzyz +2g,x+2f,y+c, =0 will
intersect each other in four concyclic points, if
a—b _h

ay=by hy
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The point of intersection of the tangents at the points
P(acoso, asina) and Q(acosp, asinP) on the circle x* +

y* =a’is
{ 3\
acms(m—ﬂ?)) asin(ghﬂi]
2 2
cﬂs{u_BJ sin[ H_B}
\ 2 2 )
. 2LR
Length of chord of contactis AB = and area
J @R +17)
of the triangle formed by the pair of tangents and its
2
chord of contact is ERL ; where R is the radius of the
R+ L

circle and L is the lengths of tangents from P(x;, y;) on
S = 0. Here L=\/’S_1.

P(x;,y,) L B
Equation of the circle
circumscribing the
triangle PAB is
(2 =Xy )lx+ g) + (,‘V = J/'])
y+/)=0
where O(-g, —f) is the
centre of the circle
Xt + Y+ 2gx+2fy+c¢c=0
Family of circles
circumscribing a triangle

whose sides are given by

Li=0,L,=0and L;=01is given
b}f LILZ o }LLZL‘} + HL3L1 = ()
provided coefficient of
xy = 0 and coefficient of

x* = coefficient of y°.

Equation of circle

circumscribing a
quadrilateral whose sides
in order are represented by
the lines Ly =0, L, =0, L
=0and Ly =0 is given by
L1L3 + }LLEL4 = @
provided coefficient of
x* = coeflicient of y* and coeflicient of xy = 0.

Length of an external common tangent and internal
common tangent to two circles is given by the length

of external common tangent L_, =\/ - (— 1*‘2)2 and

length of internal common tangent L. =\/ d> - (n + ?,2)2

|Applicable only when d > (r| + )]
where d is the distance between the centres of circles
and r; and r, are the radii of two circles.
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e The locus of the middle point of a chord of a circle
subtending a right angle at a given point will be a circle.

e 'Thelength of a side of an equilateral triangle inscribed in
the circle x2 + y2 = a? is a\/3.

e 'The distance between the chord of contact of tangents to
x* + y* + 2gx + 2fy + ¢ = 0 from the origin and the point

(g,f)iS |g2+f2_':|
2J(g% + )

e  The shortest chord of a circle passing through a point P
inside the circle is the chord whose middle point is P.

®  Thelength of transverse common tangent < the length of
direct common tangent.

@ The angle between the two tangents from (xy, y;)

| @
to the circle x? + y* = a? is 2tan 1{ ]; where

2 VS

Sl =x12+y12—ﬂ i

PROBLEMS

1. Theequation of the circle of radius 5 in the first quadrant
which touches x-axis and the line 4y = 3x is

(@) x*+y*-24x-y-25=0

(b) x°+¥>-30x-10y+225=0

(c) x*+y*-16x-18y+64=0

(d) x*+9*-20x-12y+144=0

2.  Find the equation of the circle which passes through the

point of intersection of the lines 3x - 2y—1=0 and 4x + y — 27
= () and whose centre is (2, -3).

(@) (x=2+(y+3)° =(/109)°
(b) (x+2)*—(y—3)* =(/109)°
(© (x=2)*—(y+3)* =(/109)
(d) (x=2)*-(y-3)* =(/109)

3. IfOis the angle between the tangents from (-1, 0) to the
circle x* + y? — 5x + 4y - 2 = 0, then 0 is equal to

i -
(a) 2tan 1(—) (b) tan . —]
4 \ 4
7 (7
(c) 2cot™ [-) (d) cot™ —)
4 4
4. 'The centre of a circle is (2, -3) and the circumference is

107t. Then the equation of the circle is
() x>+y*+4x+6y+12=0
(b) x*+y*-4x+6y+12=0
(c) x*+y*-4x+6y-12=0
(d) x*+y*-4x-6y-12=0

5. The equation of the circle which passes through
the intersection of x* + y* + 13x - 3y = 0 and
2x* + 2y* + 4x - 7y — 25 = 0 and whose centre lies on
13x+ 30y =01s

(a) x*+y*+30x-13y-25=0

(b) 4x*+4y*+30x-13y-25=0

(c) 2x*+2y*+30x-13y-25=0

(d) x*+y*+30x-13y+25=0

6. The equation of the circle on the common chord of the
circles (x — a)* + y* = a® and x* + (y + b)? = b? as diameter, is
(a) x*+y*=2ab(bx+ ay) (b) x>+ y*=bx +ay

(c) (a®+ b*)(x*+ y*) = 2ab(bx - ay)

(d) (a® + b?)(x* + y?) = 2(bx + ay)

7. If the circles x* + y* + 2ax + ¢y + a = 0 and
x* + y* - 3ax + dy — 1 = 0 intersect in two distinct points P
and Q then the line 5x + by — a = 0 passes through P and Q for
(a) exactly one value of g (b) no value of g

(c) infinitely many values of a

(d) exactly two values of a

8. To which of the following circles, the line y - x + 3 =0
3 3 j?
J2 42)
’ 3 ) X
(a) [x—S——J +[ ——) =9
V2 V2
2 2
3 )
o (-3 )
V2 V2

(©) 2+ (y-32=9  (d) (x-32+p=9

9. The equation of the circle which touches both the axes in
I quadrant and whose radius is a, is

(a) x*+y*-2ax-2ay+a*=0

(b) x*+y*+ax+ay-a*=0

(c) x*+y*+2ax+2ay-a’*=0

(d) x*+y’-ax-ay+a’>=0

is normal at the point (3 +

10. The equation of pair of tangents drawn from the point
(0, 1) to the circle x* + y* - 2x + 4y =0 is

(a) 4x*-4y> +6xy+6x+8y-4=0

(b) 4x?-4y* +6xy-6x+8y-4=0

(c) x*-y*+3xy-3x+2y-1=0

(d) x*-y*+6xy-6x+8y-4=0

11. The equation of the circle which passes through points
of intersection of circles x> + y* + 4x — 5y + 3 =0 and x? + y?
+ 2x + 3y -3 =0 and point (-3, 2) is

(a) x*+y*+8x+13y-3=0

(b) 4x*+4y*+13x-8y+3=0

(c) x*+y*-13x-8y+3=0

(d) x*+3y*-13x+8y+3=0

12. Tangents are drawn to the circle x* + y* = 9 at the points
where it is met by the circle x* + y* + 3x + 4y + 2 = 0. The point
of intersection of these tangents will be

8 13 27 36
(a) [ﬁjﬁJ (b) (ﬁ’ ﬁ]
(¢) (ul_lfl_l.J
27 36
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13. Suppose that two circles C; and C; in a plane have no

points in common. Then

(a) there are exactly two line tangent to both C; and C,

(b) there are exactly 3 lines tangent to both C; and G,

(c) thereare no lines tangent to both C; and C, or there are
exactly two lines tangent to both C; and G,

(d) thereare no lines tangent to both C; and C, or there are
exactly four lines tangent to both C; and C,

14. The equation of the circle which passes through the
origin and cuts orthogonally each of the two circles x* + y* -
6x+8=0and x*+y*-2x-2y-7=01is

(a) 3x2+3y2—8x—13y={}

(b) 3x*+3y*-8x+29y=0

(c) 3x*+3y*+8x+29=0

(d) 3x?2+3y*-8x-29y=0

15. For the two circles x* + y? = 16 and x* + y* — 2y = 0 there
is/are

(a) one pair of common tangents

(b) only one common tangent

(c) three common tangents

(d) no common tangent

16. Find the equation of the circle passing through the point
(2, 1) and touching the line x + 2y — 1 = 0 at the point (3, -1).
(a) 3(x*+y°) -23x-4y+35=0

(b) x*-y*+23x+4y-35=0

(c) 2x*-2y*-23x-4y+35=0

(d) None of these

17. Ifequation x? + y* + 2hxy + 2gx + 2fy + ¢ = 0 represents a
circle, then the condition for that circle to pass, through three
quadrants only but not passing through the origin is

(a) fzrz-c,gz::»c,t:}{]

(b) g?>c¢,f*<cc>0,h=0

() f*>¢g%>6¢¢>0,h=0

(d) gzc:c,fzcic,cciﬂ,h=0

18. The equation of the circle which has a tangent
2x — y - 1 =0 at (3, 5) on it and with the centre on
X+y=>518

(a) x*+y*+6x-16y+28=0

(b) x2+y2—6x— 16y - 28 =0

(c) x*+y*+6x+6y-28=0

(d) xX®2+y*-6x-6y-28=0

19. The distance from the centre of the circle
x* + y* = 2x to straight line passing through the points
of intersection of the two circles x> + y* + 5x -8y + 1 =0
and x> + y* - 3x+ 7y - 25=01is

(a) 1/3 (b) 2 (c) 3 (d) 1

20. Two circles with radii r; and ro(r; > r» = 2) touch each

other externally. If 8 be the angle between the direct common
tangents, then

(a) B:sinl[rl-i-rEJ (b) 9:251111{"'_"2J

n—n ntn

(c) O=sin! J - (d) None of these
ntn
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21. Ifthe curves ax® + 4xy + 2y* + x + y+ 5= 0 and ax?* + 6xy
+ 5y% + 2x + 3y + 8 = 0 intersect at four concyclic points then
the value of a is

(a) 4 (b) -4 (c) 6 (d) -6

22. Two  perpendicular tangents to the circle
x* + y* = a* meet at P. Then, the locus of P has the equation
(a) x%+y* =24’ (b) x*+y*=3a?

() x*+y*=4a’ (d) None of these

23, 'The area of the triangle formed by the tangents from an

external point (h, k) to the circle x> + y* = a* and the chord of
contact, is

2 2 2
(a) lﬁ{”‘ T —d J (b)

alh? + k2 —a2)¥?

2 th + k2 2(h? +K2)
N .
(c) alh” +k" —a’) (d) None of these
(h* +k*)

24. 'The locus of a point which moves so that the ratio of the
length of the tangents to the circles x* + y* + 4x + 3 = 0 and x?
+y?-6x+5=0is2:3,is

(a) 5x*+5y*+60x-7=0 (b) 5x*+ 5y*-60x-7=0
(c) 5x2+5¥2+60x+7=0 (d) 5x*+5)>+60x+12=0
25. 'The circle S with centre C,(a,, b;) and radius r| touches
externally the circle S, with centre C,(a,, b,) and radius r,. If

the tangent at their common point passes through the origin,
then

(@) (@ +a2)+ (@} +b3)=r2 +12
(b) (&2 —a®)+®> -b2)=12 —17
(©) (@2 - +(@+b)=r+r

(d) (ﬂlz —bf)+(a§+b§):r|2 "'rzz

26. It two circles, each of radius 5 unit, touch each other
at (1, 2) and the equation of their common tangent is
4x + 3y = 10, then equation of the circle a portion of which
lies in all the quadrants, is

(a) x*+y*-10x-10y+25=0

(b) x*+y*+6x+2y-15=0

(c) xX*+y*+2x+6y-15=0

(d) x*+yp*+ 10x+ 10y +25=0

27. A rhombus is inscribed in the region common to the
two circles x? + y? — 4x - 12 = 0 and x% + y* + 4x - 12 = 0 with
two of its vertices on the line joining the centres of the circles.
The area ot the rhombus is

(a) 8—\/3 $q. units

(c) 163 sq. units

(b) 43 sq. units

(d) None of these

28. 'The equations of three circles are given:

X2+ =1,x>+y*-8x+15=0,x*+ y*> + 10y + 24 = 0.
The coordinates of the point such that the tangents drawn
from it to three circles are equal in length, are

~5
® [23)



(©) (—2,EJ (d) [—2, ‘5]
2 2

29. If the tangents are drawn from any point on the line
x + y = 3 to the circle x* + y* = 9, then the chord of contact
passes through the point

(@) (3,5) (b) (3,3)

(c) (5,3) (d) None of these

30. The slope of the tangent at the point (h, k) on the circle
X%+ 9% = a?is
(a) 0O

(c) -1

(b) 1
(d) dependentofh

DLUTION

I. (b) : Let the centre of circle be (g, 5).
. 3g)—-4(5) _
J 4 42

. Equation of circle whose centre is (15, 5) and radius 5

i5i(x%— 15} 4 (3—5)2= 52

= x2-30x+y*-10y+225=0

2. (a) : Let P be the point of intersection of the lines AB

and LM whose equations are respectively

3x-2y-1=0 ..(ij)and4x+y-27=0 ... (i)

Solving (i) and (ii), we get x = 5, y = 7. So, coordinates of P

are (5, 7). It is given that C(2, -3) be the centre of the circle.

Since the circle passes through P, therefore

CP = radius = \/(5 —2 +(7+3)* = radius=4/109
Hence the equation of the required circle is

(x—2)* +(y+3)* =(/109)°

3. (a) : We know that, the angle between the two tangents
from (at, B) to the circle x* + y* = r* is

5 = 3¢g=25+20= g¢g=15

2tan” o
5,

Let S =x*+y* - 5x+ 4y - 2

2
5 7
HEIE, y = (—_] +(2)2+2 e
2 2

At point (-1, 0), §; = (-1)% + (0)> - 5(-1) + 4(0) -2 =4

Required angle, 0= 2tan %j = 2tan " {EJ
4. (c) : It is given, centre is (2, -3) and circumference of
circle=10n = 2nr=10n = r=>5
The equation of circle is (x — 2)* + (y + 3)? = 52
= x*+y*-4x+6y+13=25
= x*+y'-4x+6y-12=0
5. (b) : Let the equation of circles be
Slsx2+y2+13x—3y=0 v (1)
and $, =2x* +2y* +4x -7y -25=0 ... (ii)
The equation of intersecting circle is AS; + S, =0

..(iii)

= k(xz-l-y2 +13x—3y)+(x2 +y2+2x—?2y—225]:0

Centre = (_.. (2+13A) (7f2)+3l)

20+2)  2(1+2)
Centre lies on 13x + 30y = 0.

. _13(2+13AJ+30((7,!2)+3)LJ=n

2 .
= —26-169A+1054+90A =0 = A=1

Hence, putting the value of A in (iii), we get required equation
of circle as 4x% + 4y + 30x - 13y - 25 =10

6. (c) : The equation of the common chord of the circles
(x —a)* +y*=a’and x* + (y + b)* = b* is

IESI—SE=O
= X+a*-2ax+y-a*-x*-y - -2by+ =0
= ax+by=0 i ()

Now, the equation of required circle is §; + AL =0
{(x-a)’+y*-a’} + Max + by} =0

= x>+ y?+x(ah -2a)+ Aby =0 .. (ii)

Since, (i) is a diameter of (ii).

. 2
2 ) g 20
. . a’ +b*

On putting the value of A in (ii), we get
(a* + b*)(x* + y*) = 2ab(bx - ay)
which is the required equation of circle.
s (.b):SI—SZ=5ﬂx+(E—d)y+ﬂ+l=‘[)El]"ld
5x + by — a = 0 must represent the same line.
a c—d a+l
1 b —a
— ab=c-danda*+a+1=0
Thus, a is imaginary so no value of a exists.

8. (d) : Line must pass through the centre of the circle.

9. (a) : Required equation is (x — a)* + (y — a)? = a*
=  x*+y?-2ax-2ay+a*=0

10. (b) : Let $ = x* + y* — 2x + 4y then
$;=02+12-2.-0+4-1=5
T=x-0+y-1-(x+0)+2(y+1)=—x+3y+2

The equation of the pair of tangents is SS; = T?

= (x2+y2—2x+4y)5:(—x+3y+2)2

= 4x*-4y*+6xy-6x+8y-4=0

11. (b) : The equation of circle through the points of
intersection of given circles is
P I, _ A (52 42 _2) =
Y +4x-5y+3+ Ax*+y°+2x+3y-3)=0
Since it passes through point (-3, 2) also, therefore

3

Hence equation of required circle is

5x% + 597 +20x - 25y + 15+ 3x% + 3)2 + 6x+ 9y -9 =0
= 8x*+8y*+26x-16y+6=0

= 4x*+4*+13x-8y+3=0

12. (b) : Equation of common chord will be
3x+4y+11=0 (i)
Let the point of intersection of the tangents be (¢, [3).
Equation of the chord of contact of the tangents drawn
from (o, ) to first circle will be

xo+yB=9 ...(ii)

21
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Since, (i) and (ii) are identical.
3 4 11 [m27 36}

m_B=_3 = (0o, P) =

11 11

13. (d) : or

14. (b) : Let required equation of circle be
x*+y* +2gx + 2fy =0

Since, the above circle cuts the given circles orthogonally.
2(-3¢) + 2f(0) =8 = 2¢=-8/3

8 29
=7 = 2f=T+_=_"

3 3
Required equation of the circle is

§ 29
x°+y° —gx-l-?y

: The centres and radii of given circles are

=4, C,(0,1), r,=f0+1=1

Now, C,C, =\/n+(o—1) =landr -r,=3.

ClCE < 1"1 - fz
Hence, second circle lies inside the first circle, so no common
tangent is possible.

and -2¢g—-2f =

0 = 3x*+3y*>-8x+29y=0

15, {a)
C,(0, 0), r

16. (a) : Equation of circle is
(x-3)+(@p+1)?+Alx+2y-1)=0
Since, it passes through the point (2, 1).

— }L=—E

3
5

1+4+A2+2-1)=0

Circle is (x —3)? +(y+l)2
= 3x*+3y°-23x-4y+35=0

17. (¢) : Given circle is

x*+ 92 +2hxy +2gx+2fy +c=0 skl
For (i) to represent a circle, h = 0
So, given circle is x* + y* + 2gx + 2fy + ¢ = 0 .. (1)
A)

O /"'"“-\ i
CA

D

For circle (ii) to pass through three quadrants only.

() AB>0 = g?-¢>0

(IIY CD>0 = f2=¢c>0

(III) Origin should be outside circle (ii).

S -

From (I), (II) and (II1), g> > ¢, f? > ¢, ¢ > 0
Required conditions are
g6 % saes 0,h=0

18. (a) : Clearly, the centre of the circle lies on the line through
the point (3, 5) perpendicular to the tangent 2x - y - 1 = 0.
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The equation of such line is
(y-5)=(x-3) = x+2y=13 (i)

Also, it is given that centre lies on the line

x+y=>5 ..(ii)
Solving (i) and (ii), we obtain the coordinates of the centre
of circle as C= (-3, 8)

Also, radius of the circle = \/36+9 =./45

Equation of the circle is

(x+3)* +(y—8)* = (J45)*
= x*+y*+6x-16y+28=0

19. (b) : The equation of the straight line passing through
the points of intersection of given circles is
(x*+9y*+5x-8y+1) - (x> +y*-3x+7y-25)=0
= 8x-15y+26=0 skl
Also, centre of the circle x* + y* - 2x =0 is (1, 0).
. Distance of the point (1, 0) from the straight line (i) is
given by
|8(1)— 15(0)+26|
64+ 225 17

n—n

20. (b) : sino=

21. (b) : Any second degree curve passing through the
intersection of the given curves is
ax’* +4xy +2y* + x+ y+ 5+ A x (ax? + 6xy
+5y* + 2x+ 3y +8) =
If it is a circle, then coefficient of x* = coefficient of y* and

coeflicient of xy = 0
a(l+A)=2+5Ahand4+6A=0

2 10
24+ 5A 2 B
=% G= and A=— = g= 3 — 4
1+ A 3 2
3

22. (a) : We know that, if two perpendicular tangents to
the circle x> + y* = a® meet at P, then the point P lies on a
director circle. Thllb, the equation of director circle to the circle
x* + y* = a%is x* + y* = 2a?

which is the required locus of point P.

23. (c) : Here, area of APQR is required.

Now chord of contact with respect to circle x* + y* = a?,

and point (h, k) is hx + ky - a*> =0




52 3
Now, length of Lr, PN = L,
N
Also, QR=2 & (RE)E - ZE\/hZ +h'—a’
(R SN PR

-. Area of APQR = %(QR)(PN)

_L N+ -d® (W 4k -d’)
2 R+ N
(h? + k> _az)yz
) 2+ k2

24. (c) : Let P(xy, y;) be any point outside the circle. Length of

tangent to the circle x> + y? + 4x + 3=0s \/xlz + ylz +4x;+3
and length of tangent to the circle x> + y* - 6x+ 5= 0 is

\/x12+y12—6x,+5

\/xf+y12+4x1+3

According to question, ;

2 2
X{+y —6x;+5
= 9x; +9y; +36x; +27 —4x] —4y; +24x,—20=0
= 5x; +5y; +60x,+7 =0
Locus of point P is 5x* + 5y + 60x + 7 = 0.

25. (b) : The two circles are
Si=(x-a)*+ (@ -b)*=r? w5 1)
Sy =(x-ay)*+ (y - by)* = .. (ii)
The equation of the common tangent of these two circles is
given by §; -5, =0
= 2x(a; - ay) + 2y(by - by) + (ax* + by?)
—~(af+ b))+ rf=12 =0
If this passes through the origin, then
(@5 +b5)—(af +b2)+1r° =15 =0
= (a;—a))+b; —b)=r, -1

26. (b) : The centres of the two circles will lie on the line
through P(1, 2) and perpendicular to the common tangent
4x + 3y = 10. If C, and G, are the centres of these circles, then
PCi=5=riand PC, =5=r>.

x-1 —2 3
Also, Cy, G, lie on the line = }" =r ,where tanf=—.
cos® sin0 4
When r = r, the coordinates of C; are
4 3
(5cos0 + 1, 5sinB + 2) or (5,5) as cosB =E, sin B =E

When r = r,, the coordinates of C, are (-3, -1).

The circle with centre C,(5, 5) and radius 5 touches both the
coordinates axes and hence lies completely in the first quadrant.
Therefore, the required circle has centre (-3, —1) and radius

5, so 1ts equation 1s

(x+3)°+(+1)2=5 = x*+y*+6x+2y-15=0
Since, the origin lies inside the circle, a portion of the circle
lies in all the quadrants.

27. (a) : We have, circles
with centre (2, 0) and
(-2, 0) each with radius 4.
So, y-axis is their common E
chord. \
The inscribed rhombus

has its diagonals equal to
4 and 4./3.

d.d
Area of rhombus =—12 =8,/3

2

28. (b) : Let (x;, y1) be the point. As the tangents from

(x1, ¥;) to the first two circles are equal, (x;, ¥;) is on the

radical axis of the circles, its equation being
S1-S=x*+y*-1)-(x*+y*-8x+15) =0

= 8x-16=0 = x-2=0 (i)

Similarly, (x;, ¥,) is on the radical axis of the second and third

circle whose equation is

S$)—S3=x+y?-8x+15- (x> +y*+ 10y +24) =0

= 8x+10y+9=0

Solving (i) and (ii), we get x =2 and y = -5/2

The required point is [2, —E)
2

..(i1)

29, (b) : The coordinates of any point on the line

x +y =3 are (k, 3 - k). The equation of chord of

contact of tangents drawn from (k, 3 - k) to the circle

x*+y =9iskx+(3-k)-y=9

= By-9)+k(x-y)=0

which clearly passes through the intersection of
3y-9=0andx-y=0 ie., (3, 3).

30. (c) : The equation of the tangent at (h, h) to

x* +y* =a*is hx + hy = a’.

Therefore, slope of the tangent = —-h/h = -1
@
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X E [0, n_n]} ne N then the greatest value of n is
2

(a) 13 (b) 17 (d) 15

2. Let 6 €[0, 4m] satistying the equation (sinf + 2)
(sin@ + 3)(sin® + 4) = 6. If the sum of all values of O is
Kt then value of K is

(a) 6 (b) 5 (d) 2

3. The number of solutions of the equation
16 (sinx + cos’x) = 11 (sinx + cosx) in the interval
10, 27t] is
(a) 6

(c) 19

(c) 4

(b) 7 (d) 9

4. The equation 2x = (2n + 1) ™ (1 - cosx),
(where n is a positive integer)

(c) 8

(@) has infinitely many real roots
(b) has exactly one real root
(c) has exactly 2n + 2 real roots

(d) has exactly 2n + 3 real roots

5. Number of solutions of the equation

tanx + secx = 2 cosx lying in the interval [0, 27| is
(a) O (b) 1 (c) 2 (d) 3

6. |x* sinx + cos’xe’ + Inx| < x* |sinx| + cos®xe* +

T
b R
(b) [0,2]

(d) 2nm,2n+1)m)ne N

In?x true for x

(a) (-m,0)

o (5

7. Iflogy s sinx =1 -log, 5 cosx then number of values

of x e[-2m, 2m] is

(a) 1 (b) 2 (c) 3 (d) 4

MOCK TEST PAPER

JEE MA

1. If2tan®x - 5secx = 1 for exactly 7 distinct values of

Exam date:
18th to 23"
July, 2020

“ALOK KUMAR, B.Tech, IIT Kanpur

8 If Z\fsinz X—28In X+5 1 <1,
‘451112 y

then the ordered

pair (x, y) is equal to (m, n € I)

TU TU
(a) x—(4n+1)5,y—(2m+1)5

(b) x=2nm, y=2mn

T

Fe

(d) x=nm,y=mn

9. The value of cos®10° - cos10° c0s50° + cos*50° =
4 1 3

(c) x=(02n+1) y=(2m+1)i;

(d) 3

10. Number of ordered pairs (a4, x) satisfying the
equation sec’(a + 2)x +a* - 1 =0; - < x < T is

(a) 1 (b) 2 (c) 3 (d) 5

11. If asin®x + bcos’x = ¢, bsin®y + acos®y = d and

a tanx = btany then :—j =
(@ —d)(c—a) (a+d)(c+a)

@ G-ow-b) G+ o+ b)
(a—d)(b—a) @ (d—a)(c—a)
(a—c)(c—b) (b—c)(d—Db)

12. If cosB= i then ’[:;:11*1--*8f is equal to

a+bcosd 2
a—b a+b
(a) \/[ﬂ N b) tan(¢/2) (b) \ {.:; — bJ cos($/2)

a—>b
(€) a+b

) sin(¢0/2) (d) none of these

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains lIT and Olympiad aspirants.
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13. If o is the angle in which each side of a regular
polygon of n sides subtends at its centre then 1 + cosot +
cos20. + cos3 + ...... + cos(n — 1)t is equal to

(a) n (b) 0 (&) 1 (d) n-1

—-a s—b s—c

14, If in a triangle i = —
11 12 13

and Atan?(A/2) = 455, then A must be
(a) 1155 (b) 1551 (c¢) 5511 (d) 1515

15. If 2sinx — cos2x = 1, then cos?x + cos*x is equal to
(a) 1 (b) -1 (00 =5 (d) 5

16. A set of values of x, satisfying the equation

1 1
cos” [— px) +cos” [E qx] =1 form an arithmetic

2
progression with common difference
2 2

@) —— (b) ——

p+q P—1q

T

(c) —— (d) none of these

ptq
17. If cosbal + sin®or + ksin?20t=1 YV a. € (0, t/2), then k is
@32 ml o o0i @
a) — = c) - =

4 4 3 3
18. The most general solution of the equations

1
tanf=-1, cosO=— is
€12
7
(a) nm+ 7m/4 (b) mTJr(—l)HTn
/T

(c) 2nm+ i (d) none of these

19. The least positive values of x satistying the equation
3

2

81+‘c05x|+cns x+|cns x‘+... — 43 will be (where |CUS xl <1)

(a) m/3 (b) 2m/3

(c) m/4 (d) none of these

20. For each real number x such that - 1 < x < 1, let
—1 | 1 —I_ X+ Y

A (x) be the matrix (1 - x) 1 and z = T

Then, T _ Xy

(a) A(z) = A(x) + A(y)
(c) Alz) = A(x) A(y)

21. If A is a square matrix of order 3 such that [A| =2
then |(adj A™")7| is
(a) 1 (b) 2

(b) A(2) = A(x) [A(y)]™
(d) A(z) =A(x) - A(y)

(c) 4 (d) 8

22. If A and B are square matrices of the same order

and A is non-singular, then for a positive integer
n, (A~! BA)" is equal to

(a) A" B"A" (b) A"B" A"
(c) A1B"A (d) n(A™! BA)
i i 1 -1
23. If A= P and B = 1 , then A® equals
(a) 4B (b) 128B (¢) -128B (d) -64B
pa gb rc a b c
24. If p+g+r=0and|gc ra ph=kic a B,
rb  pc qa b ¢ a
then k =
(a) O (b) abc (¢) pgr (d) a+b+c

25. A square matrix P satisfies P> = I - P, where I is an

identity matrix of order as order of P. If P" = 5] — 8P,
then n =

(a) 4 (b) 5 (c) 6 (d) 7

26. 'The digits A, B, C are such that the three digit
numbers A88, 6B8, 86C are divisible by 72, then the

A 6 8
determinant (8 B 6| is divisible by
8§ 8 C
(a) 76 (b) 144 (c) 216  (d) 276

27. Let A, B be square matrix such that AB =0 and B
is non singular then

(a) |A| must be zero but A may non zero

(b) A must be zero matrix

(c) nothing can be said in general about A
(d) none of these

28. Let x>0,y > 0, z> 0 are respectively the 209, 3rd
4th terms of a G.P and

k k+1 k+2

X X X
1
A=|y* y“z:(”_nz[l*_z]
kK k+1 k+2 r
& e &

(where 7 is the common ratio) then
(a) k=-1 (b) k=1
(c) k=0 (d) None of these

29. A =|ajj]mxnand a;= i* — j* then A is necessarily
(a) a unit matrix

(b) symmetric matrix

(c) skew symmetric matrix

(d) zero matrix

MATHEMATICS TODAY | MAY ‘20 @



1 -1
30. If A= then A6 =
1 1
0 258 256 0 |
(a) (b)
256 0 0 256
—16 0 | 0 16
(¢) (d)
0 —16_ 16 0
(1 3] a 0]
31. If A= B = ,abe N, then number
_3 4_ _U t':?_
of matrix ‘B’ such that AB = BA are
@) 0 (b) 1

(d) infinite

32. Let A and B are two non-singular square matrices,
and A" and B! are the transpose matrices of A and B
respectively, then which of the following is correct?

(a) B'AB is symmetric matrix if and only if A is
symmetric

(b) BTAB is symmetric matrix if and only if B is
symmetric

(c) BTABis skew symmetric matrix for every matrix A
(d) BTAB is skew symmetric matrix if B is skew
symmetric

33. |A3x3] =3, |B3x3| =-1, and |C; 4 3| = 2, then
|2ABC| =
(a) 2°(6)
(c) 2(-6)
34. If A and B are two matrices such that AB = B and
BA = A, then

(a) (A~ B%3=A-B (b) (A5-B%3=A4A3_pB3

(c) A-Bisidempotent (d) A - Bis nilpotent

(c) finitely many

(b) 2%(-6)
(d) none of these

1 2 a b
35, Let A= and B = are two matrices
3 4 c d
B B B ) a—d
such that AB = BA and ¢ # 0, then value of T is:
(a) O (b) 2 (c) -2 (d) -1
cosO. —sino. 0
36. Let f(a)=|sinot cosa 0, then (o)™ is
equal to B H L
(a) flo) (b) f-o0)
(c) floo-1) (d) none of these
e ]
37. If A= L then determinant of A1903 — 541002
1S B -
(a) 1 (b) 2 (c) 4 (d) 6
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38. f:R— R, flx) = x|x| is

(a)
(b)
()
(d)

39,

one-one but not onto
onto but not one-one
Both one-one and onto
neither one-one nor onto

The domain of the function

2
flx)= sin”! [Iﬂgz {% n is

(a)
(¢)

40).

42,

(a)
(¢)

43.

(a)

(c)

44,

(a)
(c)

-2, 2] (b) [-2,-1]
1, 2] (d) [-2,-1] UL, 2]
3 |
The range of f(x)= T T is
- -
;3,3_ (b) :5,1_
1, 3] m)[ﬁa%}q@ﬁ@
%" —x+1 ‘
. The range of xz P is
] 3" 1 1_
Eiwl e e
1, 3] CINCRSIWIERD

Domain of the function f(x) =J5|x |-x* -6 is

(_ma 2) U (3:- m) (b) [_3:' _2] L--’J [2} 3]
(=00, =2) U (2, 3) (d) R - {-3, -2, 2, 3}

The range of the function

7 X . X
X)=cos"—+s8sin—, XER ;
f(x) 2 e is
- o
0, — (b) |1,=
. 4_ ) Lz 4_
f—l 5) - 1 5
.4 (d) L 14_
1
Range of the function f(x)=x2+ 5 , 18
kst ) |
[1, o°] (b) [2, )
3
— , 0O d — 0O, 0O
E J (d) ( )
The inverse of flx) = (5 - (x - 8)°)3 is

45.

(2)
(c)

(b) 8+ (5-x%)13
(d) (5-(x-8)')

65— {x= 8§)7
Q _ (5 _x3)lf5



46. Minimum value of function f{x) = x> (x> + 1) (o + 2)

(x> +3):x€ R, is

(a) -2 (b) -1 (c) 1

47. The domain of the function
fix) =log;o {1 - logio(x* - 5x + 10)} is

(@) (0, =) (b) (0,5)
(c) (==, 0) (d) None of these

48. The range of the function

(d) none

f(x)=5in“1 x° +% +cos 1| x* —% where [.]=G.LF
(@) {mt  (b) {Z} () {2mn} (d) {0}

49. The domain of definition of the function, f(x) given
by the equation 2* + 2 =2 is

(a) 0<x<1 (b) 0<x<1

(c) —o0o<x<0 (d) -eo<x<1

50. If f: R — R is a function satistying the property
flx+1)+f(x+3)=2forallxeR thenfis

(a) periodic with period 3

(b) periodic with period 4

(c) non periodic

(d) periodic with period 5

51. Letf:R— R- {3} be a function such that for some

p>0, f(x+p)= ;g;:i for all x € R. Then, period
of fis
(@) 2p (b) 3p (c) 4p (d) 5p

52. The period of the function f(x) = (-1 where
[.] =G.LE
(a) 2 (b) 1

(c) 3 (d) 4

53. It f(x)=x—l, then number of solutions of

X
flf(f(x))) =11is

(a) 1 (b) 4 (c) 6 (d) 2

54. If flx) = x(x — 1) is a function from %,m) to
—%w"’“} then {x eR: f ~'(x) = flx)} is

(a) null set

(b) {1}

(c) 10,2}

(d) aset containing 3 elements

-1 2T
55. Let [ R

f(x)= J3 sinx — cos x +2 then f~!(x) is given by

— [0,4] be a function defined as

(b) sin~! [x * 2J+E
2 6

2T 1 X—2 _
(c) — —cos = (d) Does not exist

56. The value of the parameter o, for which the

function f(x) = 1 + o, oL # 0, is the inverse of itself, is
(a) -2 (b) -1 (c) 1 (d) 2

57. If for nonzero x, 2f(x2)+3f{._12.)=x2—1 then
g X
fx7) =

4 2 4 2

3+2x° —x 3—2% " +X
(a) (b) .
5x2 5x

4 2 4 2

3-2x" —x 3+2x +x
(c) . (d) .
5x 5x

58. If g(x) is a polynomial satisfying g(x) g(y) = g(x)
+ g(y) + g(xy) -2 for all real x and y and g(2) = 5, then
¢(3) is equal to

(a) 10 (b) 24

(c) 21 (d) 15

59. Let f[x;y]:%(f(X)+f(y)) for real x and y. If

f’(x) exists and equals to —1 and f(0) = 1, then the value
of f(2) is

(a) 1 (b) -1 (€) 3

60. A function f: R — R satisfies the equation f{x) f(y)

~-fixy)=x+y Vx,y€ Rand f(1) > 0, then

@) flf M =x-4 (b) fl)f '(x)=x*>-6
(¢) fix)f M(x)=x*-1 (d) none of these

: (d) 2

]
1. (d): secx=3 =cosx =§
which gives two values of x in each of [0, 27|, (2m, 4],
(41, 671] and one value in 67 ++3E :ISE
2 2
Greatest value of n = 15
3T 7
% s = e 2D
2 2
K '=.9

3. (a):16(sin’x + cos>x) - 11(sinx + cosx) = 0
= (sin + cosx){16(sin%*x - sin’x cosx + sinx cos?x
~ sin xcos’x + cos*x) - 11} =0

MATHEMATICS TODAY | MAY '20
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= (sinx + cosx){16(1 - sin®x cos*x — sinx cosx) — 11}=0

= (sinx + cosx)(4sinx cosx — 1)(4sinx cosx + 5) =0
As 4sinx cosx + 5 # 0, we have

sinx + cosx = 0 or 4sinx cosx — 1 =0

The required values are m/12, 5m/12, 9m/12, 131/12,
177t/ 12, 2171/12, - they are 6 solutions on [0, 27].

X X

4. (c): sin® (_) = PERT the graph of sin’ (EJ will
[ T

2 2
be above the x-axis and will be meeting the x-axis at

0, 2T, 47, . . . etc. It will attain maximum values at odd
multiples of 7 i.e., 7, 37, . . . (2n + 1)7. The last point

after which graph of y=

will be (2n + 1)m.
Total intersection = 2(n + 1)

Gn i Dn will stop cutting
1

1+ sinx

5. (c): Given equation is =2C0SX

COS X
1 + sinx = 2 cos?x = 2(1 - sin?x)
2 sinx + sinx — 1 =0
(1 + sinx)(2 sinx -1) =0
sinx =-1 or1/2
Now, sin x = -1 = tanx and secx not defined.
sinx = /2 =% =1/6 0T 51/6.
The required number of solution is 2.

44l

6. (a):|la+b+c|<|a|l+|bl+]|c
It a, b, c do not have same sign.
= x%sinx <0 .. xe(-m,0)

7. (d): Given, log, 5 sinx = 1 - logy 5 cosx, x € [-27, 27]
sinx > 0 and cosx > 0

‘ 1
smxcc}sx:E

sin2x = 1, 2x € [-4m, 47]
= 4 solutions

8. (c):". sin*x - 2sinx+5=(sinx-1)2+42>4

B g
ZJsm x—2sinx+5 :_:_22 —4

1
and sin® y<1 = ——>—
4Sin” y -

L.H.S. = 1 and according to question L.H.S. < 1

therefore, L.H.S. = 1
for which sin?x — 2 sinx + 5 = 4

— (sinx-1)2=0

= sinx=1 = x:(2ﬂ+l)f
2

@ MATHEMATICS TODAY | MAY ‘20

and sin?y = 1 or cosy = 0
o
= y=[2m + 1)E
9. (c):cos?10° — cos10° cos50° + cos?50°

= % | 1+¢0520°~ (cos60° + o5 40°) +(1+ cos 100°) |

1[ 1 i
=_|14+cos20°—_ —cos40°+1—cos80°
2| 2 |l
13 1 3
== _+c3520°—(ZCU56UDcﬂ52{]D) =
2|2 | 4

10. (¢) : Given equation is sec’*(a + 2)x + a* -1 =0
= tan®(a + 2)x + a* =0

= tan’(a+2)x=0anda=0
m —1
= tan?‘ 2e=0=F p=0,—,
2 2
(0, 0), (0, /2), (0, —1/2) are ordered pairs satistying

the equation.

11. (a) : atan’x + b = ¢(1 + tan®x)

3 tanzx—(_f‘*’} fan? -(H)
la-c/ 4 b—d

@’ _tan’y (a—d)(c—a)

—

b tan®x - (b—c)(d—Db)

(acas¢+b}
1- 2 o
= + 0 COS
12. (a) : tan0/2= [1 mse] = ’

1+ cosO \ l_l_(amstb-l—bj

a+bcos@

:\/(a—b)(l—cmscb) =\j(a—b) tan(6/2)
(a+b)(1+cos) (a+b)

13. (b) : cosat + cos(at + B) + .... + cos(o + (n - 1)P)
nf3

Sin—— B
= 2 cas{ﬂw(n I)BJ

2

14. (ﬂ) . . ~— S—bzs_c =_S
11 12 13 36

L = &= 1155
33

15. (a) : Given, 2 sinx + 2sin’x - 1 =1
2

On solving we get, tan> ( A/ 2) -

x+sinx-1=0

~1+y1+4 1445
2

2

or sin

. Sinx =




I =) 5—1
— sin” x = f—}mszx=\r
2 2
5-1 5+1
* mszx(l+c052 :nr:}:\/_2 .‘.><:\/_2 =

16. (d): 1 + cospx + 1 + cosgx = 2
— cns{P+q]xcns[p_q]x=[}

2 2
2n+l)n  (2n+1)m
=5 K= or
prq P—q
forn=0,+1, +2....
27 2T
forms an A.P. with common difference or
prq P—9

17. (a) : The given condition can be written as
(cos?a. + sin0)® — 3sin?o cos?o(cos?a + sinq) +
ksin?20. = 1

— [—;]Sinz 200+ ksin® 20, = 0

3
Showing that k= ke
1
18. (c) : We have, tanO = -1 and CDSEI=-\TE~
. 3T oy
The value of 0 lying between oy and 27 and satisfying
these two is 7_ﬂ Therefore the most general solution
4
is 0 = 2nw + 7/4 where n €2
1
19. (a) : " 1 + |cosx| + cos*x.... =
1—‘(:05 x4
3
== 1 =43 = 17084 _ 56
g —|cos x|

3 1

= =6 = 1—|cosx|=—
1—|cosx 2

1 1
cosx|=— = cosx=1—

2 2 -

For least positive value of x, x =—

3
20. (c) A(z):A[x_l_yJ
1+ xy

1+ xy

(1=x)(1=y) _(x+y]

|l

A(x).A(y) = A(z)

21, {c)

22. (c) : (A"'BA)?2 = (A'BA)(A'BA) = A"'B(AA-)BA
= A71BIBA = A"1B%A

= (A"1BA)’ = (A"1B%A)? = A"1B*(AA)BA
— A-1B%IBA = A~'B?A and so on

— (A"1BA)* = A"1B"A

23, (b) : We have, A = iB - -

2 =2

= A? = (iB)? =4?B%==B2 = —__2 2 =—2B
— A% = (-2B)* = 4B° =4(2B) = 8B
= (A%? = (8B)? = A®=64B*=128B
24. (¢):p+qgq+r=0
= p’+qg° +1r =3pgr

pa gb rd
Now, [gc ra pYh = pqr(a3 +b° +¢> —3abc)

rb pc ga

ab g
= pgr|c a by =k = pgr

bca
25. (c) : Since P> = I - P (given) ..(i)

= P3=pP(- P)
= P-P*=P - (I- P) (using(i))

PP=2P-1 ..(ii)
Similarly, P* = 2P> - P = 2] - 3P and P> = 5P - 31
and P® = 5P? - 3P = 5] — 8P
26. (b): 100A + 80 + 8 = 72)4
600 + 10B + 8 = 72X,

800 + 60 + C=72A3, Ay, Ay, Az € 1

A 6 8
Let A = B
8

8 6
8 C
A 6 8
=/ 8 B 6
720 72N, 72A;

(R; <> Ry +10R, +100R; ) -..(1)

Now, A88 is divisible by 72

= A88 is divisible by 9

. A=2

Also, 6B8 is divisible by 9

Substituting these values in (i) we get A is divisible by
144 = B =4
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27. (b): A-B=0 = A-B-B! = 0-B1

=
1
28. (a) : xFy* 25 1
1

ar ﬂz ?‘2
il?‘z ﬂz T4
HT3 £I3T6

Al=0= A=0

a3(k+[]. r3{2k+1)[r B 1](?.4 _ 1) B (?‘2 B 1)2]

29,

30.

31. (d): AB=

AB=BA = a=25
32. (a) : (BYAB)! = BTAT(BT)T = BIATR
= BTAB iff A is symmetric

3a 4b

30 4b

a 2al

BTAB is symmetric iff A is symmetric
Also, (B'AB)! = BTA’B = (-B)A'B

B'AB is not skew symmetric if B is skew symmetric

33, (d): 2ABC is not defined
. there is no solution

34. (d):Since AB=Band BA=A

A and B both are idempotent
(A - B)? = A’ - AB - BA + B?
=A-B-A+B=0
A - B is nilpotent

35. (d): AB=
BA—HR b
__c d_

1 2

3a+4c 3b+4d

a bl | a+2c
c dl
a+3b 2a+4b]

3 4

c+3d 2c+4d

If AB=BA,thena+ 2c=a+ 3b
= 2c=3b= b=%0
Now, b + 2d = 2a + 4b
= 2a-2d=-3b

D
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3
a-d _ —ﬁb .
b=c 324
2
| cosot  sinot 0
36. (b):(f(a))_1= —sinot  coso O =f(—0f.)
0 0 1

37. (d) |A1[]03 _ SAIU{)Zl — |AIHHZ(A _ 5D|
— |A1{Jﬂ2| |A — SII " |A|1{]{JE |A = 51'

0 1
=19 3:6
1 = .
xz it x>0

38. (c):Given that f(x)=10 if x=0

—x%if x <0

i %
39. (d): f(x)= sin {lmg2 (x_ D eR

2

= ~—1£1{)g2[%]£1<:>

40. (a) : -1 <sin 3x <1

xz—x+1

x2+x+1

41. (a) : Let y=

= yx*+yx+y=x*-x+1

= (-1)x*+@p+1x+(@p-1)=0
Now, x € R = Discriminant 2 0

= (+1)*-4(y-1*20

= -3’2+ 10y-320

=3y*—10y+3<0=(3y-1)(y—3)<0=—-< y<3

1
~.3
3

42. (b):5]x| -x*-620 = x*-5|x] + 6 <0
when x < 0, x* +5x +6 <0, -3< x< -2
whenx>0,x*-5x+6<0,2<x<3

x = 0 will not satisty the condition.

Domain is [-3, -2] U [2, 3].

Range =

43, (d): f(:nr:):l—sinz-:f+sinE
4 4 ﬁ
2
1 1
=—Jsinzf—sinf =] ginS == | =2y
|7 4 4| 4 2) 4




5
Maximum f(x) = v
> 1V 5 9
Minimum fix) = —-—|—-1——| =———_=-1
J®) 4 ( 2] 4 4
- gt
Range of f(x) = —l,,Z
44. (a) : Here, f(x)=x"+1+——-1
x  +1
1
X% +1+ , >2 = x2 + 21
x“+1 x“+1
flx) €[1, =)
45. (b): Let y = fix) = (5 - (x - 8)°)1/2

Theny’ =5-(x-8)’= (x-8)>=5-y°

= x=8+ (5-p)°

Let, z = (x) ~ 8 + 5(5 = x%)1P

Nowf [5 x3)1f5]5)1f3 — (5 5 4+ x )1!3 — x
S1rmlar1y, we can show that g(f(x)) = x.

Hence, g(x) = 8 + (5 - )13 is the inverse of f(x).

3 9 9
46. (b): Lett=x> (x> +3)t=(x"+2)2 -2 e[-2, 00
(b): Let t=x"(x"+3);t=(x 2) 4[4)
flx) =g(t) = t(t + 2) = (t + 1)* - 1 is least when ¢ = -1
and —lE[—z,m) S, min f(x) = -1

47. (b) : For function f(x) to be defined we have x* - 5x
+10 >0 ...(i) and 1 - logp(x* - 5x + 10) > 0 ...(ii)
Now, (ii) = logjo(x* = 5x + 10) < 1 = x* - 5x + 10 < 10
= 22 =5x < Sxfx=5)<0=0<x<5 ...[A)
Again, x* - 5x + 10 > 0 for all x, ...(B)
Since the discriminant of the corresponding equation
x* - 5x + 10 = 0 is negative, so that the roots of the
equation are imaginary.

Combining (A) and (B), we find that the domain of

flx) is (0, 5).

_ 1 _ 1
48. (a) : Let y; =sin l[xz +2} and y, = cos l{xz —2:|

Then, y = y; + y,.

| 1]
Now, y; =sin L x? +E is defined
[ 1 ] 3 3
if —1<| %% 4= €= 1<%  +—< 2= —— < x* 2=
i 2 5) , 2
(i)

gl 5 1]
Again, y;=cos™ | x° —_ | is defined
— 1__ = = 1 1
If -1<|x”—_ il:»—lixz—_f::Z:;»—_ﬂxzqf
L 2 2 2 2

o (ii)
Taking the intersection of (i) and (ii), we find that

1
< x? {E:;»D*_ixz{_.j
2 2 2

since x* cannot be negative.

1 1
Now, for x? sothat — <x*+_<1and — <x*-_<0

1

2 2 2 2

We have Y =sin"1(0) + cos(-1)=0+m-cos (1) =7
1 3

Similarly fit::rrE < x* {_2. , we have

Y= sin ! (1)+ cos ™! (0) = +E =17
2 2
Hence, the range of the given function is [7].
49, (d):Itis given that 2* + 2V =2V x, y € R
Therefore, 2% =2 -2V <2 = 0<2*< 2
Taking log for both side with base 2.
= logy0 < log,2* < log,2
Hence domain is —o0 < x < 1
50. (b): flx+ 1) =flx +5)
51. (c) : 3 does not belong to the range of f implies 2

also cannot belong to range of f because, if f(x) = 2 for
some x € R. Then f(x+p)—i—§ =3 which is not in

the range of f. Hence 2 and 3 are not in the range of

1. If fix + 2p) = f(x), this implies f(x) = f(x + p + p)
f(x)-5

_flx+p)-5 _ flo)-3"
fle+p)=3  f(x)-5_,
fx)-3"

:—4f(x)+1[}:2f(x)—
-2f(x)+4  f(x)-2

so that [f{x) — 2]> = - 1 which is absurd. Therefore,
2p is not a period.

Again, f(x+3p)= 2;(5:5):25 -

Now, f(x + 4p) = filx + 3p + p)
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(x)—S_
ler3p)=s ST 20
flx+3p)-3 3f(x)-5_, = =2
f(x)-1
Therefore, 4p is a periud
2. (a) : Given: f(x) (-1)

First of all, we sketch the graph of flx) with the help
of piecewise defined functions as follows:

1; —2<x<-1
-1; -1<x<0
f) =¥ =11 o0<x<1
—-1: 1<x<2
hh 2Ex<3.

The function f(x) repeats its value after the least
interval of 2.

Therefore, the function f(x) is periodic with period 2.
x* —3x% 41

x(x2 —1)

53. (b): f(:-r)=x-—%, = f(f(x)=

Since, we have f(f(f(x)))=1= f(f(x))=f" ()=

= 2 values exist

1—\/5

1+4/5
2
— 2 values exist

or f_1(1)=

{x eR : f‘l(x} fx)} =
—f(:ﬂ[f(x} — 1]

54. (c) {x eR: f f(x) = x}

ff(x)) = [x(x - 1)][x(x - 1) - 1]
= x{x — 1)[x*—x - 1]

f(fx)=x =2x(x-1)(x2-x-1)=x
= x(x}-2x2)=0 = x=0,2
TT

55. (c) : We have, f(x)zZsin(x—EJ+2

. fis invertible

T
—)+2—x
6

fl(x)=sin1(f—lJ+E ( g—l iil‘v’xe[[l,ei]J

, ~ -
Also, sin~lot + cos~lo = =

= T g X=2 T 2N =i [ ¥=2
= ¥ 1(x)=———c05 L2 78 i
2

f is one—one and onto

Now, fof H(x) = x = 25in[f_l (x)—

2 6 3 2
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86, ()2 Let y= Flo =Twmm = w=J
Ol

Now, f(x) = (x)

Equating the coefhicient of x, we get

x—1 2
— =]l4+0x = x—-1=0+0"x
o

o =land o = -1 = o = -1

57. (c) : We have, 2f(x2)+3f{_12,}=x2 —1
X

— 4f(x2)+6f(lzj=2x2—2 ..(1)
X
1 9 1
Also, 2f(2)+3f(x J——]
X X
5 1 3 :
= 9f(x )+6f{._§.J=_.2,—3 -..(i)
X X
2
(i) — ()= 5f(x*)=—= —2x* —1= f(x* W 2—x
X JX

58. (a) : We have, g(x) g(y) = g(x)+ g(y)+g(xy)-2 ...(1)
Putting x = 1, y = 2 in (i), we have
g(1) g(2) = g(1) + g(2) + g(2) -

= 5¢(1) =8 + g(1) . g(1)=2

Also, replacing y by E: in (i), we get
X

g(x)g[i):g(x)+g[l]+g(l)~2
X X

- g(x)g[;t]—g(xwg[—ij

= g(x)=1=x"
Put x = 2 in (ii), we get + 2" = 27
Taking +ve sign, we set n = 2

gx)=1+x* = g(3)=1+32=10
59. (b)

(c)'Takingx—yzl we get
fl)f - fl1) =2= f2(1) - f(1) -

= (f(1) - 2)(A1) + )—U:>f(1)=2(asﬂ1)::=~{])
Taking y = 1, we get

flx).f(1) - fix) =x+ 1

:>f(x):-x+l if_](x):x_]

= I .
flx)f (x) =x° -1 -



PAPER - |

ONE OR MORE THAN ONE OPTION CORRECT TYPE

1. Which of the following set of values of x" satisfies

;2 ~ .2 ;
the equatiﬂn 2(2$m x—3sin x+1) _|_2(2—251n x+3sinx) =9

oo T
(a) x=ﬂﬂig,ﬂEf (b) x=nﬂ:i§,nEI

(c) x=nm,ne I (d) x=2nn+;,nef

2, Ifo, B (o < P) are 2 roots of (6x+])x:]_+|:c{}sg}

20 3P
then _[ sin(@]dx + _[ cos(n[x])dx=__ , where [.]
0

0
denotes greatest integer function.

(a) o+ (b) 2

(c) O (d) [20 + 98]

3. If three numbers are chosen randomly from the
set {1, 3, 3%, ...., 3"} without replacement, then the
probability that they form an increasing geometric
progression is

(a) i if nis odd
2n

3
(b) — if n is even
2H

3n
(c) if n is even

2(n* —1)
(d) 32” ifn is odd
2(n° —1)

4. 'The general solution of the differential equation

.
(1+yz)+[.:!r:—€1“111 y)%:ﬂ is 2xef ) =2V o ¢

then the area of the region bounded by the curves

x= f(y), y==%+/3 and y-axis is

(a) %—lﬂgZ (b) %—lﬂg&l
(©) " +log2 (d) =%

V3 J3

Given a real valued function f such that
2

zan xz , for x>0

f={ & 1xD
1 , for x=0
k Jixtcot{x}, for x<0

Where [x] is the integral part and {x} is the
fractional part of x, then

(a) ]jmﬂf(x)=1 (b) lim f(x)=4/ cotl

x—>0

2
() cr.:-t_l( lim f(x)] =1

x—0
(d) fis continuous at x =0

A vector of magnitude 2 along a bisector of the
angle between the two vectors 2i—2j+k and
i +27—2k is

2 i » T
@ (=K O ﬁ(:—4}+3k)

2 fp o 2 ([~
(¢) E(z—4j+3k.) (d) E(I—Sf)

—X
* and g(x) = c

, where [-] is the
1+ x° 1+|x]

Let f(x)=

greatest integer less than or equal to x, then
(a) Domain (f + g) = R- [-2, 0)
(b) Domain (f - g) = R -[-1, 0)
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1] 14. Match the following.
(c) Range f ™ Range g = —2,.E |

Column-1 Column-IT

(d) Range g = R-{0} L
If I = [ x*(1-x)°dx,
o SECHONE | :
(A) i 0 (p) i
INTEGER ANSWER TYPE L =Ix5 (1-x)>dx thené =
I
8. The number of acute triangles whose vertices are 0 !
chosen from the vertices of a rectangular block are m
_ 4  ..6
9. Tangents are drawn to the circle x* + y* = 12 at If I __J' Cos” X3in’”. XX, :
0
the points where it is meet by the circle (B) . (q) ;
m
x*> + y* - 5x + 3y - 2 = 0, then the x-coordinate of L= J‘ cos ¥ xsin acdi theni "
the point of intersection of these tangents is 0 I
10. Letay, ay, .......,a,, be an A.P. with common difference sin? x
7/6 and assume If f(x)= . 5
(1—e>*)sin” 2x
Sec a; sec a, + sec a, sec dz +.... + sec a, _ | sec a,,
= k(tan a,, — tan a,). (C) T (1) 1
Find the value of k. ? 4
then | f(x)dx=
1 1 3 —T
11. It f(x =x2—x+1,x2—.and X)=—=+_ [X—— are —
f(x) and g(x)=_ +[x~ k
two functions, then the number of solutions of the -
. 1 3) . 2 2
equation xz—x+125+\j[x—z] is (D) J'(q./sinx +4/ CGSX)_4dx= (s) 11
0

12. If f(x + y) =f(x) fly) and f(x) = 1 + xg(x) H(x) where
xliifn(] g(x)=2, J;:lin(} H(x)=3, then f’(x) = Kf(x) 15. Match the following:

if K = Column-I Column-II

(A): The no. of solutions of the (p) 8

MATRIX MATCH TYPE equation |cosx| = 2[x], (where
-] is greatest integer function)

13. Match the following. .
is

(B) ' The no. of solutions of the| (q)l 4
equation

Column-I ‘ Column-I1

(A) .Radius of the circle passing:(p) 4
through (3, 4) and (5, 2) having

centre on y = 2x is

2€08% = |sinx| in [-2m, 27] is

() r The no. of solutions of the“ (r) | 0

.(B) “Length of the common chord of -(q)

J52 equation sin’x cosx + sin’x
22 =3(x+1), x>+ y* +2x = 0 s cos’x + sinxcos’x = 1 in
'(C) LPrmduct of length of per—_ (1) \/5 | [0, 27t] are | |
pendiculars drawn from the two (D) | The number of possible values (s) | 2
foci to the tangent at any point of k if fundamental period of
on the ellipse 25x + 4y* = 100 is sin~!(sin kx) is /2 is
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PAPER-II
— = O Y ——

1.

3.

SINGLE OPTION CORRECT TYPE

Through the point P(h, k, [) a plane is drawn at right
angles to OP to meet co-ordinate axes at A, B and C.

If OP = p, then the area of the AABC is
5 3

5 3
P’ p p p
b 2 P oy B
@) S5 0 o @ 5 (D) oo

Sixteen players sy, s5, ....., Sig play in a tournament.
They are divided into eight pairs at random. From
each pair a winner is decided on the basis of a
game played between the two players of the pair.
Assume that all the players are of equal strength.
The probability that "exactly one of the two players

s; and s, is among the eight winners" is
(a) 4/15 (b) 7/15 (c) 8/15 (d) 9/15

The solution of the differential equation

xdx+ydy |a*—x*-y° |
xdy—ydx_ X+ 15

< 2

(a) sz +y2 :accus{c-I—tan_l Z}
X

(b) \jx2+y2 :asin{£+tan_1£ ~..
x.l

_ 7
(¢) \/::c:2+y2 —gsin{c+tan '}
V)

_ &
(d) \/:x:2+y2 =acosic+tan 1=}
X

In a certain test there are n questions. In this test
2" students gave wrong answers to atleast i
questions, where i = 1, 2, 3,....., n. If the total
number of wrong answers given is 2047, then 7 is

(a) 10 (b) 11 (c) 12 (d) 13
3 1 (3 4]

Let three matrices A = s and
_4 l_ _2 3"

3 4 ABC
C= , then tr(A) + tr [ J
A(BC)? 3
+ tr ( ( C) ]+ Ir [A(BC) J+ eerees OO =
4 8
(a) 6 (b) 9
(c) 12 (d) none of these

6.

If a, b, c and d are distinct positive real numbers
such that a and b are the roots of x2 — 10cx - 11d =0
and c and d are the roots of x*> — 10ax — 116 = 0, then
thevalueofa+ b+ c+dis

(a) 1110 (b) 1010 (c) 1101 (d) 1210

The square ABCD where A(0, 0), B(2, 0), C(2, 2),
D(0, 2) undergoes the following transformations
successively

(i) filx, y) =y, x)

-y x+
(iii) f3(x, y) = (xzy, xz}f]. Then the final

(ii) folx, y) = (x + 3y, )

figure is
(a) a square
(c) a parallelogram

(b) a rectangle
(d) a rhombus

SECTION-2

ONE OR MORE THAN ONE OPTION CORRECT TYPE

8.

10.

[fcosx+cosy=a,cos2x+cos2y=b,cos3x+cos3y=c,
then

(a) c052x+c052y=1+_2
b) cosxcos —ﬂz — —b+2
( ) > 1

(c) 2a> + ¢ = 3a(l + b)
(d) a + b + ¢ = 3abc

If f(x)= J. af , X #0, x #1, then f(x) is
(logt)*
¢ (logt)

(a) monotonically increasing in (2, o)
(b) monotonically increasing in (1, 2)
(c) monotonically decreasing in (2, o)
(d) monotonically decreasing in (0, 1)

tan x fdf cotx df
L'ﬂtA: z—ﬂﬂdB: I ,thﬂﬂ
.1 = +1 P t(i‘2+])
U
(a) Atx=—,A+B=1
4
TC
(b) A+ B =1 for all x in (O,E}

(c) A+ B=1forall xin (U,E] and 2 for all x in

(2.1 4

(d) A =B for all x
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11. If h(x)=3f(%J+f(3—x2),‘v’x € (3,4), where

f"(x) >0, V xe (-3, 4), then h(x) is
(a) increasing in (3/2, 4)

(b) increasing in (-3/2, 0)

(c) decreasing in (0, 3/2)

(d) None of these

12. The eccentric angles of extremities of a chord of
3 2

an ellipse xz i —=1 are 0, and 0,. If this chord
a b
passes through the focus, then
0 0, 1-
(a) tan—l-tan—2+__°=0
2 2. I=ZFe
0, -0 0, +0
(b) cas[ L }=ECDS[ : 2)
2 2
0 +1
(¢) cot—L-cot—2 i
2 2 e=]

(d) None of these

13. The normal at a general point (a, b) on curve
makes an angle 0 with x-axis which satisfies
b(—a* tan®—cotB) =a(b* +1). The equation of
curve can be

(a) y = eX*12 4 (b) log(ky?) = x?

(c) y = ke**/2 (d) -y =k
2r X n :n+1)
14. If S, = 6r° —1 Y n’ :2n+3)& , then the value

4r° =2nr z n (n+1)

M
). S, is independent of

@x Oy ©n @z

COMPREHENSION TYPE

Paragraph for Question No. 15 and 16
Let A, B, C be three sets of complex numbers as defined
below,
A={z:Imz21}; B={z:|z-2 - i| = 3}

C={z:Re((l -1)z)=+2}

15. The number of elements in the set A " B Cis
(a) O (b) 1 (c) 2 (d) oo

16. Let z be any point in A N B C and let w be any
point satisfying |w — 2 — i| < 3. Then, |z| - [w| + 3 lies

between
(a) -6 and 3 (b) -3 and 6
(c) -6 and 6 (d) -3 and 9
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Paragraph for Question No. 17 and 18
Define a function ¢ : N — N as follows : ¢(1) = 1,

O(p") =p"~ L if pisprimeand n € N. d(mn) = ¢(m) ¢ (n)

if m and n are relatively prime natural numbers.

17. ®(8n + 4) where n € Nis equal to

(a) ¢(4n + 2) (b) 0(2n + 1)
(c) 20(2n + 1) (d) 4¢(2n + 1)

18. The number of natural numbers ‘n” such that ¢(n) is

odd is

(a) 1 (b) 2 (c) 3 (d) 4

soLumows
PAPER-|

1. (a: d): 2(Esin2x—35inx+1)+23—(25in3x—35inx+1} 9

—
—

Let 2(25in2x - 3sinx+ 1) _ ¢

= t+_8=9=>r2—9r+8=0:‘: f=1,8
t

— 2sin?x — 3sinx + 1 = 3 or 2sin?x — 3sinx+ 1 = 0

1 1
—$SIN XA =——, 80X == sINnx=1
2 2 )
TU
2. (b,d): (6x+1)x=1+ CDSE
e ] 1
= 6x°+x-1=0 = XxX=—\, —; A=——, e
2 3 2 3

=1 TE[X] 1 0 1
I'= | 8in dx+ | cos(m|x])dx= | ldx+ | 1dx =2
J sin——dx+ [ cos(m{x])dx= [ 1dx+
0 0 -1 0
Also [200+9B] = [-1 + 3] =2
3. (a,c) : Number of triplets
(37,37t 3r+2) (0<r<n-2)isn -1
Number of triplets

(37,37 +2 3r+tH(0<r<n-4)isn-3

n—1
Number of triplets, (3?’:3r+ 2 ,3"""'”'1)(?1 odd) is 2
H

r+—
Number of triplets, (3”,3 2. g ](n even) is 1

If n is odd, the number of favourable outcomes

ﬂ2—1

4
and if »n is even, the number of favourable outcomes

() HZ

M
=n-1)+MHn—-3)+..+3+1=—X— =—
2 2 4

2 —
(}:H+1)1)/4 =—3 ,if n is odd
Ci 2n

=n-1D)+n—-3)+....+4+2=

Required Probability =




n® 4 3n
or =5

g 5 Etan_l y

if n is even

4, (b): il = y
dy 1+y 1+ y
I
7Y
LF.=e 7 =97 2
e (Etan-ly)
General solutionis x-e™" 7 :J. — dy
135 2
i E-,Et:aln_i ¥y .
=  xe® Y= +¢;
%,
—1 =]
S 2™ = v L ) =tny

J3 3
Area = I [tan™" y |dy =2 I tan”~" ydy
=13 0

i Y

=3 (ytan_ly)ﬁ;'E —I -y

_ g tFY

Tt 2 \/3 27
=2 ——|log(l+y7)| =—-log4

ﬁ [ & Y ]{] 3 &
5. [he):

2 2

lim f(x)= lim S e lim e A
x—0" x—0" (xz—[x]) x—0" xz

Asx—0",[x] =0

Also, lim f(x)= lim ,/(x—[x])cot(x—[x])=_/cotl

x—0 x—0

2
cmtﬁl( ]jm_ f(x)J — CDtHl(Cﬂtl) =]

—0
6. (a,c):Letd=2{—2j+k,b=i+2{-2k
| =3, ]E‘ =3

Vector along bisectors is given by

:iii:21—2}+kia+2j—2k
4| |b1 3 3
~ 1 ~1~ 4. -~
=i—=k—i——j+k
g 9 3
Required vectors are
L 4 #a 5
i——k i——j+k
a3 5 3 3

ROR R

7. (b, d) : Domain of f= R, Domain g=R - [-1, 0);
because -1 <x<0thusl+ [x]=0

Domainof f-g=R-[-1,0)
sincee™>0= (1+[x])y>0
Eithery>0=1+[x] >0, or y<0=1+[x] <0
y € R - {0}

8. (8): The 8 vertices of the block gives 8C; = 56
triangles, each of which is either acute or right angled.
Each vertex of the block serves as the vertex of the
right angle in three triangles whose hypotenuse are
face diagonals of the block, and three triangles whose
hypotenuse are space diagonals of the block. Hence
there are 8(3 + 3) = 48 right triangles and so 56 — 48 =
8 acute triangles.

9. (6) : The circles are given as x*> + y*> = 12 and
x*+9*-5x+3y-2=0
Common chord AB is 5x - 3y — 10 = 0. Let the
coordinates of P be (o, P)

Equation of the chord of contact of F(, ) with respect
to x> + ¥ = 12 is x0. + yp - 12 = 0 comparing the
coeflicients of common chord AB and chord of contact

0 —12
j§ — = p = = =6 .. x-coordinate is 6.
5 =3 -10
10. (2):
1 1 1
+ T eineane T

CO$a; COSa, COSa, COSA;, cosa, , cosa,

1 [ sin(a,—a,) sin(a,—a,) sin(fa, —a,_,)
= s D E e e

sind | cosa, cosa, €0Sa, cOSay cosa, ,cosa,

1

= o ((tana, —tanaq, )+(tana; —tana, )+

...+ (tana, —tana, ,))

1 1

(tana, —tana,) = k= =2

sind sind
11. (1): The function y = f (x) = x* - x + 1

(Y 3 1
= | x—_ | +° increases in the interval |—, Dﬂ) and
2 4 622

x varying in the indicated interval we have

3 3
=f(x)=2—1e., yE|—, o0
y=f(x) 3 e e |~ }

—

12. (6): f’(.:t:)=lim
h—0

f(x+h)— f(x)
h

i SO0 ) f)l+hg(hHB)-1]
h—0 h '_h—}[] h

= fx)lim g(h)-H(h) =6 f(x)

13. A-q¢ B-r; C-p
(A) Equation of perpendicular bisector of side AC is
x-y=1
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1; 2x

B(4, 3)
A3, 4) C(5, 2)

So, centre O is (-1,-2); Radius =

Point of intersection of the two curves are

(32w r(3E
2 g | TFE T

So, common chord length AB =3,

2 2

X
(C) PP, =b?, 2 +2 =1, so PP, =4
4 25
14. A>s; B>or;C>r3D > g
41.5! 5150 I, 5
A I — . I — —% o
A =T 2 T LTI
3.5.3 3.3 L 1
(B) I] = JL, 12= 2T = A -
10.8.6.4.2 8.6.4.2 I, 4

(C) _[f(x dx_j(f(x )+ f(=x))dx

|
4

. 2
sIn”™ X 1 1
I=J. 5 ( —=t— )dx
o sin“2x\1—¢>* 1-¢**

T
4 1
=—_[sec2 .:s::crdf::f:=E
0
dt

(Wt +1)*

(D) tanx=t=1= J.

ﬁzu—l

= 1
S ™du=—
3

15 A-i5B-psC-r5D-g
(A) y = |cosx|, y = 2[x]
Number of solutions will be 0.

@ MATHEMATICS TODAY | MAY ‘20

(B) The number of solutions is 8

2 3

(C) sin’xcosx + sinxcos?x + sinxcos’x = 1

= sinxcosx(sin®x + sinxcosx + cos?x) = 1

sin2x sin2x
— [1 + J= 1

2 2
= sin2x(2 + sin2x) = 4 = sin®2x + 2sin2x - 4 =0
—2+./4+16

—  SinZ2x =

=4+ 5 (Impossible)

PAPER-II

1. (a): Equation of the plane through P(h, k, [)
perpendicular to OP is

xh + yk + zI = h* + k* + P = p?; where, p? = h* + k* + P

oy B W
2+ 2Jr 2—1
LA I
h kI
2 2 2 g) ’) 9
e & K o B R
2k kT 2k 2 1 h
VP 4R 4K
A=\/(Ax},)z+(ayz)2+(am)2 P :

Hence, Ar (AABC) = EYA%

2, (c):Let E;: s, and s, are in the same group
E, : 51 and s; are in the different group
E : exactly one of the two players s; and s, is among
the eight winners.
E=(ENE|) v (EnNE,)
= P(E) = P(E N E;) + P(E N E,)
= P(E) = P(E,)-P(E/E,) + P(E,)-P(E/E,)

(14)!
7 E
2) 71 1 1
Now p(E]):( ) -
16! 15
278 5 E,
1 14
b i T T

Hence P(E)=—-1 .|_1_4.P(e::{actly one of either
15 15 Sl or Sz Wi]_’lS)

1+14(11 11] 1 141 1 7 8

15 2°2 22)715 152 15 15 15



3. (b): Put x = rcos0, y = rsin0

2, tan8=£

X
xdy— ydx

2
X

rdr Jﬂzr?‘
r*do r
dr e
=35 — =dB = sin [E]=(—]+c
a“ —r
= r = asin(0 + ¢)

— x2+y2=r

=sec” 0 dO

= xdx + ydy = rdr and

Given equation =

4. (b): Number of students who gave wrong answers
to atleast i questions = 2/~
Number of students who gave wrong answers to atleast
n questions = 2! = 1
Number of students gave wrong answers to exactly i
questions = 2" — 1 - 2n - i+ 1)
Number of wrong answers

n—1 _ ;
= ¥ f(z”‘f —2”‘(’“))+(n) = 2047

1=1

= 1+21+22+....+2"1 =2047
— 2" =2048 = n =11
3 4|3 -4 1 0]
5. (a): BC= =% Bl = =t
2 3|-2 3 0 1
A)+tr(éJ+tr(AJ+ ......
2 2
1
—Hfr(f"l)—l—-—rﬁ' (A)+—1r(A)+
2 22
tr(A
_MA) A =202+1) =6

1-(12)

6. (d): Since a and b are the roots of

x%* — 10cx - 11d = 0, we have

(i) a+b=10c and (ii) ab = -11d (1)
Also, since ¢ and d are the roots of x?2 - 10ax
- 1156 = 0, we have

(i) ¢ +d=10a and (ii) cd = -11b e (2)
Adding part (i) of Eqgs. (1) and (2), we get
a+b+c+d=10(a + ¢

= b+d=9a + ¢) .. (3)
Multiplying part (ii) of Eqgs. (1) and (2), we get
abcd = 121bd = ac= 121 .. (4)

Also, a® - 10ca - 11d =0 = ¢* - 10ca - 11b
= @’ +c2-20ca-11(b+d) =0
From Egs. (3) and (4), we have
a? + ¢ -20(121) = 99(a + ¢) = 0
= (a+¢)?*-2x121-20%x121-99(a+¢)=0
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— (a+c-121)(a + ¢c + 22) =

— a+c=121 ; a+c=-22

Since a, c are positive, a + ¢ # -22.
Therefore a + ¢ = 121 and
a+b+c+d=(@a@+c)+9a+c)=1210

7. (©):fs: for hilx y) = 30 %) = f3(y + 3%, X)
=(y+3x—x y+3x+x] H[z_x{—y 4x-|-y]
’ U2 T2

2 2

A(0, 0) —» A’(0,0), B(2, 0) — B(2, 4),
C(2,2) > C(3,5), D(0,2) —> D'(1, 1)
It is easily seen A'B’ = D’ C’, A’'D’ = B'C,
A'B"# B'C..

Hence, it is neither a square nor a rhombus.

4 1
Further slope of A’'B’ x A’'D" = — — #—1

il |
Hence AB is not perpendicular to AD.

= It is not a rectangle

ABCD is a parallelogram.

8. (a, b, c): (cosx + cosy)? = a?

= cos’x + cos®y + 2cosx cosy = a’ e (1)
cos2x + cos2y = b

= 2cos’x-1+2cos’y-1=b

= 2[cos*x + cos’y] = b + 2

b
= cos’x + cos?y = —+1 .. (2)

From (1) and (2), 2
42
2C08XxCOS y = g* —[b—)

2
= cnsxcmsy—ﬂg -—(EH_Z]
2 4

CoS3x + cos3y = ¢
= 4 cos’x — 3 cosx + 4 cos’y — 3 cosy = ¢
= 4[cos’x + cos’y] — 3[cosx + cosy] = ¢
= 4[(cosx + cosy)(cos®x + cos?y — cosx cosy)]
— 3(cosx + cosy) = ¢

— 4 a(b+2——1 [QZ—ED —3a=c¢
2 2 2

— 2ab+4a-2a3+ab+2a=3a+c
= 2a° + ¢ = 3a(l + b)

o (ad) f'(x)— 2x 1 1 X 1
" d,(1); - 5 = o

(log x?)  (log x)* (log x)* [ 2
= f(x)>0=x€ (2,0)= f'(x)<0=x¢€ (0, 2)

10, (a,b) : Let A + B :f(x)

tan x fdf cotx

Vs P
£

—
—

] fl+t



tan x 5 1
; +8€C” X+

fan" x+1

= f(x)is constant ::»f(x):f(f)

(—cosec”x)=0

= f(x)=

cot x(1+ cot’ x)

4
L dt
= LT=1

(&

| 1
tdt dt
= f(x)= +

/ I 2 +1 Ej:l 2 +1)

E'-l

= f(x)=1for allx in(ﬂ,gJ

188, bs €) ¢ B0 =2%{f" (=" 3) = (B==")}
ff(x2f3) > f’(3—x*)Vx such that

7 9

X
Zoag gf g iedn

3 4

ff(xz /3) < f’(3—x2) V x such that x* < 9/4

h(x) increases in (-3/2,0) U (3/2, 4) and h(x) decreases
in (0, 3/2)

12. (a,b,c) : Equation of chord PQ is

0 —
ECDS( 1+BEJ+ZSiH[BI+BZJ=m5(Bl Bz]
a 2 b 2 2

This passes through focus (ae, 0)

COS
2 e+1 91 92

— — = cot— cot—=
COS >

0 0 1—
=% tan(—l]tan£—zj+—e=0
2 2 e+1
dx
13. (b, ¢, d) : Slope of normal, tanf=——

dy

The given equation becomes at a general point (x, y)

2
d d
=" yxz +y(—-d£J =E£.x(y2 +1)

|

2
y[d—y] — x(y” +1)Q+y:ﬂ::2 =0
dx dx

U

yyrZ _xyzyr_xyr+yx2 =0

= W' =xy)-x(y’ -xy)=0
d d
5 —y=xy or 22
dx dx vy
2
= 1ﬂgy:%+r: or x*=y*=¢

IE

= y=ke? or logy*=x*-logk
= log (ky?) = x°

n(n+1)

Zﬂ: 2r X
r=1

14. (a,b,c,d) : iSr‘: i(ﬁrz—l) y n2(2n+3:'

r=1 r=1

i(4r3—2nr) z w (H+1)

r=1

n(n+1) x n(n+1)
=|n*(2n+3) y n*(2n+3)=0
(as }gl(:rjdl)c?, az;*e s:;(e”)_l_ 1)
15. (b): y
anpne N\ &

nt s

A is the set of points on and above the line y =1 ...(i)
in the Argand plane. B is the set of points on the circle
(x -2)*+ (y - 1)>=9 ..(ii) and

C = Re(l - i)z = Re(1 - i)(x + iy)

= x+y=y2 ... (i)
Hence A N B N C has only one point of intersection.
16. (d): |z| - |w| < |z - w| and |z — w| is the distance
between z and w. Here, z is fixed. Hence distance
between z and w would be maximum for diametrically
opposite points. Therefore,

z-wl<6 = -6<]|z|-|w| <6

= -3<|z]-|wl+3<9

17. (¢): ¢(1) = 1, q)(pﬂ) ___pn - 1(p ~ 1)

O(mn) = ¢(m) - ¢(n)

O(8n + 4) = 9(4(2n + 1)) = ¢(4)0(2n + 1)

= 0(2)? - 0Q2n+ 1) =2-0(2n + 1)

18. (b): ¢(n) is odd = ¢(p") is odd

= p" p-1)is odd.

" pis prime. The only value p can take is p = 2
s 02" is odd.

= 2"~ 1(2-1)=2""1is odd.

= n-1=0=>n=1

1)=1=¢_
(1) 0(2) —

MATHEMATICS TODAY | MAY ‘20 @



DEFINITE INTEGRALS AND
APPLICATION OF INTEGRALS

Class XII

CONCEPT

MAP

v ) 4

= S e

CONCEPT

MAP

APPLICATION OF INTEGRALS

SEQUENCES AND SERIES

Class XI

7
DEFINITE INTEGRALS

/" Sequence ™

A Sequence 15 a

" Series

Ba.n,..0 182

—
-

\ For any two values a and b, we have | flx) dx = |[Flx)
sequence, then Lhe :

||' tunction trom natural

Area Under Simple Curves

number N (domain) expansion @, +a, +

to real numbers . ...+ iscalled the

"g 3 Sum of n terms of Special Series

v

1
|
\

Limit of Sum

lim h{fla)+ fla+h)+ ...+ fla+(n
fr—i)

b-a

fi

- _=.__'HI."I.'

(codomain) serles

. BB

1311, Area

F [ e .

F T e | LX) fiLx

Sum of mnatural numbers ¥ n=
-

3 i

—5 U} ag | — o j

= [ f(x)dx (where b>a)

- - -

\ ' where h =
" L - 3 nn+1)(2n+1)
sum ol squares of n natural numbers 'i'.. A =
e

/ Progression™, Y | 2

If the terms ofa % \ - 2
| , B (1 +1) et 12 FI.III Theorem l:l' ul
T'HIEE IJ" ' sum ol cubes of nnatural numbers ."'L Py IJ-| {"5 " I em of Culus

I
Progression _ e -

.. ...

! J
sequence are wrilten ) |

conditions, then the (.,

¥ !
f 1
§

First Fundamental Theorem ; Let f{x) be a continuous function in
| hieny

under '=:]'.1:"-.' Iﬁl.

O —

the closed interval |a, b] and let Alx) be the area function * Arca

A'(x) = fix), forallx e [a, b].
Second Fundamental ‘Theorem : Let flx) be a continuous function
then

nn+l) mn+l

sequence 15 called _ ; g
i mn+1)in+)

- 24234 Fnn+l)= - b
- s - J..fl vidy (where b> a)

it

%
Progression,

in the closed interval [a, b] and Flx) be an integral of f{x),
|
i)

iy = | i = I'l -
Arithmetic Progression (A.P) J Sl ={FCx))y = Ftb) = Fa)

whose

Geometric PlﬂgrESSiﬂH [EF]
H | i I":
Arca = I_.f { x)cdx +J f (x)dx

i

A sequence lerms increases or A sequence of non-zero numbers for which the ratio of a term to its just preceding term

N .'Il'.'-. ays Constand

n“term: 1T = ar

decreases by a hixed number.

4T

:

|
’
:
'
)
N

Solving by Substitution

When dehnite integral is to be found by substitution. change the lower

ih . : ; d % T A e J — fyirc
n™ berm : i = LM where fcommon ralio) = J1 d 1= Nrst term

= id
where d [common difference)
=4 — 1
a' term from end

T =

4 —

{ = last term

n' term from end :
Sum of p terms

it = st term, and upper limits of integration. 1f substitution is f = f{x) and lower limit

v

of integration is a and upper limit is b, then new lower and upper limits

in— 1), where

will be fla) and b} respectively

Means

= i.‘-":‘l LETTM

Sum of 1 terms Arithmetic mean (AM.)

» For two numbers a and b AM ﬁm“

' J! fix) 1;!!.1.'1].-{1.'.

7 n
[2a +(n—1d]l==la+]

L} | “ -|;| -Il
3 . 3 JL flxddx=| f(t)dt

I = i

Note
e ltermsinanAPa-d a0+

s 4 terms in an AL a 24
a+d, a+2d
Basic |"I'll‘|‘lullir_"\-

= |t @, dy d, e @ are in AP with
common difference d, then
|'|I l'
!

S S ol R | X oare .\I'1l." 113
AP where x is constand

.|'-.'.'||, ka., ... ka arealsoin AP with

coommon ditlerence ke
.IJ'I i1 II'JI

i, el = pans et are
X KK

AP with

d £ 10

Higital mntg. in

alse  In

common  ditference,

Nole

o Jterms in G.B alr, a. ar.
* 4 terms in G air, alr,
Basic Properties

* Wa,.a.a,...a aremn G.P, with common
ratlo r then

ll'-l |J_1 4.'1 ..

also in G.P, with

comimon ratio [

ki . ka.. kd

i r] E 1 | 1

J-.'ﬁ:‘l-::

(k&0) alsoin (L2, with commaon ratio r.

. Jml Of

a" " i4" e " also in G.P. with

COmmmien rilion !
Yk=1.23..

,n—1

H.d =il i

E' il
. '||-uH| ,
i

where A, ... A Aare n arithmetic

means  inserted between two

numbers g and b

Geometric mean (G.M.)
e For two numbers a and b, G.M. is

\' |'J.|1i'

L {.JIJ. =
' La )

where I'JI. b Ly Are p geoineiric

means imseried hetwisen 1%

numbers ¢ and b

l"II

J

el

i 5 . - lil‘ iy .
| flxdde=|" flx)de+| fx)dx wherea<¢<b
i i *f

- |
fix)dx = _IE' flxkdx . In particular [‘ flx)dx=0

!:' )
_[. flx)dx = [ fla+b—x)dx

LA

EF - LER il = \fs
J-” flx)dx Iu J o= x kix
0 df f{=x)=—f(x)

J'IlI |r[ _I._'?I:i" = 1 4
= (2], fxddx Jif f(=x)=f(x)

=2l : o ¢ R of | .
- = f of 0, K s o e, TP,
J” fix lidx JE'I ] |._-"L__|‘J.‘l. +j[_| Jrag—X Jdx

. i

.-EJ fix)de, if f(2a—x)= flx)
i

0, if (2d—3x)=—f(x)

24
J flxldx =

________________...............L-,..

.\[L‘.I

L]

Area

I e

flx) Z g{x) in |a, b)

b

= I[ flx)=gl _.t.']Ff.\.'

il
b
+I|gf,.~.]— fi x'l|-f-'|'

E

where fix) 2 glx) in [, ¢] and fix) = gix)in [c, b]

i b
- E (x)dx + | @ { X idx

il C
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Between Between
6"to 20" January  6™to 20" April

UCK DRILL ror

1. Ifin a triangle ABC, cos3A + cos3B + cos3C =1,  (,) 627 1 6= 7 (b) 2431243

then one angle must be exactly equal to L 1 anfie a3
@) m3 () 213 (© m  (d) /6 (€) 5+6:5-6 (I 4+{3:4-{3,

* ALOK KUMAR

r 13

] H
10 C,_4 25
2. The value of 2 cos® ? is equal to e I Zﬂ'ﬂ n e +THC Yk thieen sl i
+=0 r=0 { r r—1
-9 —~7 -9 - (a) 3 (b) 4
a) — b) — c) — d —
()2 ()2 ()3 ()8 (c) 5 (d) 6
3. Thevalue of sin’ 10° + sin> 50° — sin’ 70° is equal to 9. flx) = Max{sinx, cosx} V AL R then Cilpe of f(x) is
3 3 3 3 () |2 (b) |-
—— b) = = d -Z 5 4 )
(a) 5 ()4 (c) ; (d) : 5 2 2
4. Sum of integral values of n such that sinx (2sinx+ (¢) [-1, 1] (d) ¢
cosx) = n, has at least one real solution is 10. If f(x) :Jcos(sin P +\/sin(cos %), then the range
(a) 3 (b) 1 (c) 2 (d) 0 of f(x ) is
5. If o, B, yare the roots of the equation x° + px + =0,  (a) cos1, +/sin1] (b) cosl, 1+ /sinl]
a Py (c) [1- «./ cosl, +/sin1] (d) }./ cosl, 1]
then the value of the determinant | vy «f is 11. For each positive integer n, let
o B e T e Btd
! " 124 235 346  n(n+1)(n+3)
(a) 4 (b) 2 () 0 (d) -2 Then lim s, equals
6. One vertex of an equilateral triangle is at the origin Pt
j - 29 29
and the other two vertices are roots of 2z* + 2z + k = 0, Gy 22 b) 22 ©) 0 @y 2
then k is 6 36 18
1
1 2 1 .
a) 1 b) — €) = dl = L
(a) ()3 €) 3 ()2 i lim(”)equals
n—o N
7. It the arithmetic mean of two positive numbers a  (5) ¢ (b) ¢!
and b (a > b) is twice their G.M., thena: bis (c) e (d) ¢’

* Alok Kumar, a B.Tech from lIT Kanpur and INMO 4™ ranker of his time, has been training IIT and Olympiad aspirants for close to two decades now.
His students have bagged AIR 1 in lIT JEE and also won medals for the country at IMO. He has also taught at Maths Olympiad programme at
Cornell University, USA and UT, Dallas. He has been regularly proposing problems in international Mathematics journals.
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13. Let " be a real valued function defined on the

X
interval (-1, 1) such that e * - f(x) = 2+I t1 +1 dt
0

V x € (-1, 1) and let ‘¢’ be the inverse function of 'f".
Then ¢'(2) equals
(a) 3 (b) 1/2 (c) 1/3 (d) 2

14. Let f: R— R be a differentiable function satisfying
ffix-y)=f(x) ¥ x,y€ Rand f'(0) = p, f'(5) = g, then

f(5) equals

@ plg  ®) plg (O qp (D) q

15. The domain of the derivative of the function
tanlx i x| <1

f(x) =1 1 is
—(lx|—1 if [x|>1
| 2

(a) R- {0} (b) R - {1}

(¢) Rmq-lj (d) R~{~-1; 1}

16. M isthe mid point of side AB of equilateral triangle
ABC. Pis a point on BC such that AP + PM is minimum.
If AB = 20 units then AP + PM is

(a) 1047 (b) 1043 (¢) 105 (d) 10

17. The orthocentre of the triangle formed by the lines
AB, AC and BC given by x + y = 1, 2x + 3y = 6 and
4x — y + 4 = 0 respectively lies in

(a) I quadrant (b) II quadrant

(c) III quadrant (d) IV quadrant

18. 'The complete set of values of 'a’ for which the point
(a,a°), a € Rlies inside the triangle formed by the lines
x-y+2=0,x+y=2and x-axis is

(a) (-2,2) (b) (-1,1) - {0}

(c) (0,2) (d) (-2,0)

19. Equation of circle touching the line |x - 2| + |y - 3| = 4
will be

(a) (x-2)+(y-3)7"=12

(b) (x-2)"+(y-3)" =4

() (x=2+(y-3)7"=10

(d) (x-2)*+(y-3)°=8

20. If two distinct chords, drawn from the point
(p, g) on the circle x*+ y* = px + gy (where (pq # 0)) are
bisected by the x-axis, then

@ pP=q (b) p? = 84’

(c) p* < 8q" (d) p* > 8q°

21. If o is a root of x* = 1 with negative principal
argument, then the principal argument of A(ct) where

1 1 1
Q(Cﬂ): {I,” CCH+1 [I.H+3 is
1 _1 0
C.{”H 0&”
(@) 5m/4  (b) -3m/4 (0) m4  (d) -m/4
a +0* ab+ch ca—bh Y ¢ -
22. Iflab—ch V> +A% be+aM|-c A a
ac+bh be—ak A +2Y|b —a A

= (1 +a*+ b* + &),
then A is equal to
(a) O (b) 1 (c) -1 (d) +1

23. If the area of the rhombus enclosed by the lines

Ix + my £ n = 0 be 2 square units, then
(a) [, 2m, n are in G.P (b) [, n, m are in G.P
(c) Im=mn (d) In=m

24. An equilateral triangle has its centroid at origin
and one side is x + y = 1. The equations of the other
sides are

(a) y+1=(21/3)(x+1)

(b) y+1:(2i\f§)x1.y+1=(3i\/§)x
() y+1=(B£J3)(x-1), y+1=4/3x
@) y+1=GE)E-1), y+1=Y3 7!

J 341

3
25. If f(::r:)=::c2+::c+:L and g(x) = x* + ax + 1 be two

real functions, then the range of a for which g(f(x)) =0
has no real solution is

(E].) (_m: _2) (b) (_2: 2)
(€) (-2, =) (d) (2, )
[nsin® | [ntan® |
26, lim ; + = ____ where [x] is
0—0 (L o | L © =y
greatest integer< xand n e |
(a) 2n (b) 2n + 1
(c) 2n -1 (d) 0

27. If the equation sin”x — a sinx + b = 0 has only one
solution in (0, ), then which of the following statements
is correct ¢

(ﬂ) aec (—c:-::-} 1] N (2': Dﬂ)
(c) a=2+0b

(b) be [1,)
(d) None of these

28. If area of triangle formed by tangents from the
point (xy, y;) to the parabola y* = 4ax and their chord of
contact 1s
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2 3/2 2 3/3 10
—4ax —4
(a) Vi L (b) S ! g [cos 3= 5 3CGSEJ
2a° a’ it 3 3
/2
(1 —4ax,)” = 1 nr) 1
(c) 5 (d) none of these =N = [cas Tr + 3cﬂs_j] =_ (L +1,)
’ r=0 4 3 4
29, Ifn=3and 1, o o, 03, ..., A, _; are n roots of 10
unity, then value of X o0 is where I; = Zn‘:us wr=1—1+1~1%uue—141=1
Isi<j=n-1 =0 |

@0 1 (-1 () (1) ’ 3m(1ﬂ ﬂ:]smllﬂi 3

30. If Cy, Cy, Gy, ..., C, are the binomial coefficients in I, = 32 cos— = 2:3 S a2

the expansion (1 + x)", n being even, then Cy + (C, + r=0 g sinit 2

C)+(Co+Ci+Cy)+..+(Cy+C;+Cy+...+C, _)is | I—l( 3]_ : 6

equal tﬂﬂ _ e B 5 3

(a) n?2 (b) n-2 g . .

(c) n-2""1 (d) n.2"" 2 3. (d): We have, sin”10° + sin”50° - sin”70°

S—— 1| (3sin10° —sin 30°) + (35in 50° — sin150°)

4 ~(3sin 70° — sin210°)

1. (b): Given, cos3A + cos3B + cos3C =1 =

— C0S3A + cos3B + cos3C-1=0 = 1 3(sin10° + sin 50° — sin 70°) _E
—  C0S3A + cos3B + ¢cos3C + cos3mt =0 4| 2 |
= 1 3 3
= 2c05(3ﬂ+33)c05(3A 33) =_| 3(sin10”—2¢cos60°:8in10%) —— |=——
2 2 4] 2_
3nt+ 3C I —=3C :
_ 2
s ZCGS[ ) )E{)S[ 3 ] =0 4 (a) : We have, 2sin” x + sm:;msx =N
(371—3(3)[ (3}1—33) (31‘5-&36]} — sin2x — 2co82x = 2n — 2
— 2CO0S COS + COS = i
2 | 2 2 = —/5<2n-2<./5
| - 5 5
=> ZCGS(?)—R—E)ZCGS(3E+3C+3A 33) = 1—£ £n£1+£
2 2 4 2 2
*CGS(3“+3C_3A+3B)=0 5. (c) :Since o, P, y are the roots ﬂfx3+px+q=[]
4 a+PB+y=0
3t 3C 3t 3B Applying C; — C; + G, + C5, then we get
= 2¢08] — —— |2C0§| — ——
2 & S8 a+B+y B v [0 B vy
3n 3A
(3A) . (3B . (3C a+tP+y o P| [0 o P
= —4sin| — (sin| — |siIn| — |=0
2 2 2 6. (c):Given, 222 +2z+k=0
3A 3B 3C s o
= Sin[}sin{ Siﬂ[)ZU . z= 244 - 8k
2 2 2 4
3A 3B 3C Since Z’ is a complex number 1
5 R e Mk T 4—8kwi]lbenegative:>k:=-—2
2T 2T 2T
A=— or B=— or C=— —1 J2k-1 1| -1 -1
3 3 3 Now, (0, 0), R > 2k —1 | are the
- 3 Ur ‘ :
2. (d):Letl= 2 oS~ — vertices of the triangle.
= 3 . . . ,
r=0 Since triangle is equilateral
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L(2k=1)+ 2 = (2% 1)
= k=12/3
7. (b): Given, ﬂ;b = 2\/%

2
a 2++3
b 2-.3
HC HC HC
8. (c¢): Let b, = 2 rﬂ—l — HH”—I — — r—1
Ci ¥7C65 4 c, ntl o
' r
t, = ——
n+1
Now, §= f J
Z{ } :;:}(nﬂ) (n + 1)1"’Z
=%, §'= . {”(”"'1)} _ n*
(n+1° L 2 4(n+1)
Now; 5= i—i (given) which is only possible for n = 5.
9. (a):

<
flx) = max {sinx, cosx}
YA I
~_ N\ M

R \

V2
Required range = “—i 1—

L N2

10. (b) : Period of f(x) is 2w, but f(x) is not defined
for x € (m/2, 31/2). Hence it suffices to consider

x € [-n/2, /2]. Further since f(x) is even, we consider
x e [0, m/2].

Now, ,/cos(sin x) and ,/sin(cosx) are decreasing
functions for x € [0, /2].

— Ry = [f(/2), (0)] = [ cos1,1+ sml]

00 ) Tk e T 2
e T ke + D)k + 3)

- (k +2)*
 k(k+ D (k +2)(k + 3)

k*+4k+4  k(k+1)+3k+4

o W

T kk+D(k+2)(k+3) k(k+D(k +2)(k +3)
1 3
"k 2k +3) DKkt 2k +3)
4
TRk Dk 7 2)(k + 3)
11 ]_ [ 1 B 1

k+2 k+3 (k+2)(k+3) (k+D(k+2)

) 1 ) 1 )

(k+D(k+2)(k+3) k(k+1D(k+2)
Now, put k =1, 2, 3, ...., n and add.
Thus, s, = u; + ty + ...... + U

Wl i /=

_(1_ 1 )_3_ 1 L
3 n+3 2| (n+2)(n+3) 2-3]

1 1
3| (n+)n+2)(n+3) 123
Theretore lim s, s +i +-i o
n— oo 3 12 18 36
1 1
1\ r
12. (b): Let p="") =[(”')J"
n n"
1 1
lﬂgP:—Zlﬂg(—r)
ni- 1
r=1
I
= logP= dogxdx = logP=-1 = P=¢".

0
13. (c) : Differentiating given equation we get

e*- fl(x)—e* - fx)=v1+x (i)

Since (gof)(x) = x as ‘¢ is inverse of f.

= gf(x)] =x = JI]f'(x) =1
1 1
= 9'[f(0)] = = ¢'(2) =
sUOI=70 = P =50

(Here f(0) = 2 obtained from given equation)
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Put x = 0 in (i), we get f’(0) = 3.

1
f@=1
14. (c) : When y = 0, f(0) = 1 and when x = 0,
fep) = ——
f)
Hence f(x + y) = f(x)f(y)
e i J EFA) = J(X) _ . JER)—1
Feg= h = prom
= f(x).f(0) = pf(x)

Put x = 5 in above equation we get, f(5) = 4

15. (d) : The given function is

tan" x if |x|<1

J(x) =+

1
(x|=1 i |x|>]

1
E(—:«:—1) if x<-1

1

= f(x)=7tan "x if -1<x<1

1

Clearly LH.Lat(x =-1)=lim f(-1-h) =0
h—0

RHLat(x=-1)= lim f(-1+h)
h—0

= lim tan (=1+h)=—-7/ 4
h—0
Since LH.L # RH.L. at x = -1

f(x) is discontinuous at x = -1
Also we can prove in the same way that f(x) is
discontinuous at x = 1

", flx) can not be found for x = = 1 or domain of
f'(x) =R - {-1, 1}.

16. (a) : Take the reflection of AABC in BC.

Now, PM = PM’

PA + PM = PA + PM’ it is
minimum when M’ PA lies

in a line. £

Now apply cosine rule in ,
AABM,, T
we get AM’ =104/7. A’

17. (a) : Coordinates of A and B are (-3, 4) and

&

[f orthocentre is P(h, k), then
(slope of PA) x (slope of BC) = -1

48
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k —4
= X4d=—1 = 4k-16=-h -3
h+3
= h+4k=13 ..(1)
And (slope of PB) x (slope of AC) = - 1
R
5 2
e WA
h+— 3
5
5k—8 2
=% X =1
5h+3 3

= 10k-16=15h + 9
= 15h-=10k+25=0

= 3h-2k+5=0 ..(i1)
Solving (i) and (ii), we get h =;  k =2_72

1

ATV

Hence, orthocentre lies in I quadrant.
18. (b):

2

(a, a*) lies on Y =%
a-a°+2=0= a=-1,2
a+a*-2=0 = a=1, -2
19. (d) : Perpendicular distance A

from centre to tangent = radius
|2+3-9]

J2

Equation of circle is (x - 2)"’1 + (y - 3)2 = 8

X+y=9

r

v

20. (d) : Let PQ be a chord of the given circle passing
through P(p, q) and Q(x, y). Since PQ is bisected by

the x-axis, the mid-point of PQ lies on the x-axis which

gives y = -

Now Q lies on the circle
xz-l-yz—px—qy:(}
Sﬂx2+q2~—px+q2:0
=5 x° — p 4 29" 2 0, suli)
Which gives two values of x
and hence the coordinates of
two points Q and R (say), so that the chords PQ and
PR are bisected by x-axis.

Y




If the chords PQ and PR are distinct, the roots of (i)
are real distinct.
Hence, discriminant = p* - qu > ()

= p°>8q°

21. (b) : Clearly o = —i, where i* = -1

1 1 1 1 1 1
1
Now, A(a):-::xﬁ_ﬂl o odl=1 —i i
ol .
1 1 O
= i @l F
o

= 1(=) + 1G> + (1 + %) = =1 — i

So, principal argument of A(c) is —E
4

A ¢ b
22.(b):If A=|—c A a
b —a A
(say Al ) is the cofactor determinant
Since, AA! = A3(for 3" order det)
A=AA%+a®+b*+ )
By comparing we get A = 1.

then other determinant

23. (b) : By solving the equations of sides of the
rhombus, the vertices are

s )

2 Theareazl[E][EJzz — 1% =Im

2\ m /
24. (a) : Third vertex ‘A’ lies on x — y =0 and in III

quadrant

1
Perpendicular distance from (0,0) to x + y =1 is \/—E

AO=2 = A(-1, -1)

m+1
If m is the slope of other side, tan60°= —
—m
= m=2%./3
2
3 1 1_1
25. (€) : f(x)=x> +x+== x+] +—>—
4 2 I

Now, g(f(x)) = (ﬂ.ﬂx:))2 + af(x) + 1, for g(f(x)) = 0

n=*—(f(x)+ﬁ}i~2

It a > -2, g(f(x)) = 0 has no solutions.

sin®

26. (¢) : — 1las® - 0but<1

[nﬁnﬁ}
=n-—1
0

Also [ntznﬂ}: n [ ta;ﬁ —1as0—0but> l}

27. (a) : sin“x — a sinx + b = 0 has only one solution
in (0, 7).

= sinx = 1 gives one solution and sinx = o gives
other solution such that > 1 or ¢ <0

= (sinx - 1) (sinx — o) = 0 is the same equation as
sin’x — a sinx + b =0

= l+a=aandoa=2>

= l+b=agandb>1lorb<0

= be (-o,0] U(l,0)and a € (-oo, 1] U (2, =0)

28. (c) : Let A(xy, y;) be any point outside the parabola
and B(o, ), C(ct, ") be the points of contact of tangents
from point A. Equation of chord BC is yy; = 2a(x + x;)
Length of the perpendicular (AL) from A to BC

_ J’l2 —4ax,
\]ylz + 44
1
Now, area of AABC :E X (AL X BC)
(,‘Vlz —4ax, )3'(2 | {(yf — 4ﬂx1)(y12 - 4'::12)}1’f:'l |

= * BC=
2a C a

29. (b):x" = 1= (x—1)(x - oy)(x - o) ... (x—0t,_1)

L 400 # e # G 4]

1<i<j<n-1

= 3 0L + 0 + 0 +...+ 0, =0
1<i<j<n-1
— b 00l =1

1<i<j<n-1
+{(Cy+ Cy)) +(Cp+ Cy + ...+ C,, )} +{(Cy + Cy + Cy)
+(Cg+Ci+...+C,,_3)} +...t0 [l;] terms

=(C0 +C1 +..“..Cﬂ)><—z =ﬂ'2H_1
®®
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hallen
PROBLEMS

JEE Main

Given that x; + x, + x3 =0, y; + ¥, + y3 = 0 and
X1Y1 + X2¥2 + x3¥3 = 0. Then

2 .
X1 n Vi =
7, 2. 3 Z_-_ 7 3
X tXtx3 Y1 t), T3
1 2 4
3} — B e c) 1 d) —
(a) 3 (b) 3 (c) (d) :

Z r(r+1)(r+2)...(r+ p)=(where n and p are
r=1

positive integers)
nn+)(n+2)...(n+p+1)

- |

(a) (+2) (p+1)
(b) nn+1)(n+2)...(n+p+1)

(n+p+2)
(Q nn+1)(n+2)...(n+p)

(p+2)
(d) nn+1)(n+2)...(n+p)

(n+p+2)

Let z= (18 + 26i) and zy = a + ib is the cube root of
z having least positive argument then a + b =

(a) 1 (b) 2 (c) 3 (d) 4
Consider the two lines Ly, L, and a circle C
Li:2x+3y+p-3=0,L:2x+3y+p+3=0
C:x*+y*+6x+10y+30=0,(p€e I

It is given that at least one of the lines L;, L, is a

chord of C then the probability that both are chords
of Cis

2
(a) ;

2
Letf(x)=lﬂg{x2 +EJ

x~ +1
ind g(x)z\/ sin f(x) +J cos f(x),then range of g(x) is

3 4 5
®) > @z @2

10.

11.

(a) (1, 2]
(C) (TE”Z, n3f4)

If the parabola y = ax? + bx + ¢ has vertex at (4, 2)
and a € [1, 3] then maximum value of product (a b

(b) (21!21 23!4]
(d) (E”Z, ﬂuz]

c) is

(a) 144 (b) 12

For p 2 2, the equation

(c) -12 (d) -144

\/2p+1—x2 +\/3x+p+4=\/x2+9x+3p+9 has

(a) exactly 1 real root
(b) exactly 2 distinct real roots
(c) exactly 3 distinct real roots

(d) no real roots

Iff: R> R, ¢g:R— Rand fix) + f"(x) = —xg(x)f"(x)
and g(x) >0 V x € R then f*(x) + (f"(x))* has

(a) aminimaatx =10

(b) a maximaatx =10

(c) a point of inflexion at x = 0

(d) data insufficient

All bases of logarithms in which a real positive
number can be equal to its logarithm is/ are

() (0, 1) U (L e (b) (1,e)

() (1, ¢e'?) (d) [e', €°)

m . x+t X )
Let f(x)= lim _14... (7 —e )(1U3g(1+1‘)) »
m—=>0m= 342t
then f(log3) =
@ = ()= @2
> 3 4 12

The non-negative real numbers x,(r = 1 to 5) satisty
the following relations :

5 5
(1) Zr-xr:a (2) Er?’xr:az and
r=1

y=1

D

By : Tapas Kr. Yogi, Visakhapatnam Maob : 09533632105
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5
(3) Zerr = ,then number of possible values

r=1
of a is/are
(a) O (b) 1 (c) 6 (d) 12
O
12. Lethnt_l — |=——, nelthenn=
P 8 n
(a) 1 (b) 2 (c) 4 (d) 8

13. The natural number n for which 2% + 21! + 2" isa
perfect square is

(a) 11 (b) 12 (c) 14 (d) 15
14. If f(x) is a differentiable function defined V x € R

N
such that (f{x))? = x — f{x) then I FHx)dx =
0

(a) 1 (d) 2./2

() /2

(b) 2

A7)
15. Let f(x)=40,

sinx—tanx +cosx—1

-1, x>0

sz ()

X<

%2.-:;:2 +tanx +log(x +2)

LinesL,and L, representtangentandnormaltocurve
y = flx) at x = 0. Consider the family of circles
touching both lines L; and L,. Then the ratio of the
radii of two orthogonally circles of this family is

(a) 24++/2 (b) 2+4/3 (c) 2=/2 (d) 2—4/3

16. Suppose a and b are single digit positive integers
chosen independently and at random. The
probability that the point (a, b) lies above the
parabola y = ax® - bx is
@Y w2 X w?2

31 31 31 81

17. Let f(x) = ax* + bx + ¢, a, b, c € I Let f(1) = 0,
f(7) € (50, 60), f(8) € (70, 80) then f(2) €
(a) (=2,0) (b) (0,10) (c) (1,12) (d) (20, 30)

18. In AABC, H is the orthocentre and AH-BH-CH =3
and AH? + BH? + CH? = 7 then sum of the possible
circumradius (R) of the AABC is

@2 w2 (@
5 2 2

SOLUTIONS

1. (b): Consider three vectors
ﬁ]. — (Jfl, JCZ,X:J,), ﬁz =(y1:.y2:y3) ElIld ﬁ3 —_ (1,1,1)

From the given data,

@) 2
3

n -1y, =0,7, 113 =0 and #;-13 =0
i.e., Hy,ny and y; are mutually 1" vectors.

2 2
X 1
Now, — 12 5> — 4 ; 5 and3 are the squares
XL TXtX3 N+t )s

of the projections of the vector (1, 0, 0) onto the direction
of ny,1,, 1z respectively and hence their sum = 1

) 2

; X 1

fie—s ;_ o iy J’12 S+ =1
Xp+x5+x5 y+y;+y; 3

2. (a):Sincer(r+1)..(r+p)=(@+1DI""PC, ,
:(P“[‘ 1)! [r+p+lcp+2_r+pcp+2]

and required sum = (p + D! [* *P+1C, 5 ]
_n(n+l)..(n+p+1)

- 1)!
p+2 p+1)

3. (d):z2=18 + 26i = IOJE [cosO+isin 0]

13 6 1
where tanB=— = tan|—= |=—
9 3 3

and z; = 713 =\f1-0 [cos(B/3)+1isin(B/3)]

3
+
V10 V10

4. (b): For L, to be a chord of the circle, possible integral
value of p are {17, 18, ..., 31}. Similarly, for L, to be a
chord, possible integral value of p are {11, 12, ..., 25}.

So, in total possible p = 21 and common values are 9.

=3+i

9 3
Hence, probability = — =—
P Y 2] F
x° +e
5. (a): Notice that e(l, e]
2
x"+1

Hence, f(x) € (0, 1]

So, g(a)=+/sina ++/cosa, oe(0,1]
g (o) = 0 gives o = 1t/4

So, g(x) € (1, 2*]

6. (d):From given data, _—b =4 and i) =
2a 4a
So,c =2+ 16a
and E = abc = -16(a* + 8a°)
dE 5
So, — =-16(2a+24a”)<0, forae€ll, 3]

da
Hence, E, ., = -16(1% + 8:1%) = -144

7. (b):Let h=x*+ x - p, then given equation becomes

J 12 =2k +4 (x +2)2 —h = 2% +3)* - 3h
Simplifying further, h[2h — 2(x + 2)? - (x + 1)?] = 0
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If 2h - 2(x + 2)* = (x + 1)? = 0 then above square root
equation is invalid. Hence, only / = 0 possible. So, now
above equation becomes
x+ 1|+ |x+2|=]2x+3| = x¢ (-2,-1)
Hence, the number of real solutions of h =x* + x - p =0
1
which are not in (-2, -1) is zero if pf-::—1 , one if
1

p= _E or p € (0, 2) and two otherwise. Hence, exactly
-1
4

8. (b):Let h(x) = (flx))? + (f'(x))?
So, h'(x) = -2x g(x) - (f (x))?

9. (a):We require a € R - {1} such that x = log,x

ie. f(x)=

X
fix)=0 = x=e
So, max. f(x) = f(e) = 1/e. SO, Ay = €V
Hence, a € (0, 1) U (1, e'/¢]

, 0] U [2, o).

2 real roots for p E(

log x T

T(et—l)-(log(lﬂ))z »
o 0
10. (¢) : f(x)=¢" - lim ¢ y (-J
m—0 m 0

(€™ =1)-(log(14+m))*
(3+2n)- 4m’

eml_(lﬂg(l+m)]2_l_ 1
4 3+2m°

= f(x)=e¢” - lim
m—0

= f(x)=e" - lim
m—0 m

m

e.fi

=3 f(x):E,scr, f(log3)=

3 1
12 4
11. (c) : Notice that
: 242 3 & >, 3 2, &
Yra—r'Y'x, =a"Y r-x,—2a) rx,+ > rx,
r=1 r=1 r=1 r=1
= a%(a) - 2a(a?) + (a®) =0
Since, L.H.S. terms are non-negative.
Hence, each term in L.H.S. is zero.

So, possible values of g are {0, 1, 4, 9, 16, 25}

2
12. '(e)3 T, =cot ™! [k]

3
= | Ll 2 i
= tan 1[E)=tan .
k2 K
1+ —-—1
DA TR
=tan | E+1 —tan "] E—1
2 2
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13. (b):28 + 211 + 27 = 28(9 4+ 2"~ §)

Hence, 9 + 2"~ 8 should be a perfect square.

So, 9 + 2"~ 8 =k? (say) ie 2" 8= (k+ 3)(k - 3)
So, (k+ 3) and (k - 3) are both powers of 2.

= k = 5 being the only possibility. Hence, n = 12

14. (b): (fix))’ + fix) = x. Hence, f~1(x) = x° + x

—sinh+tanh+cnsh~1_ 1
=)

15. (b): LH.D.= lim | —
2h” —tanh+log(2—h) | h

h—0

hl
and REHD.=limE_~17%_¢
h—0 h

Hence, L =y =0and L, = x = 0.

16. (b): If (a, b) lies above the curve then b > y(a)

3
a

ite.,b::-a?’—ba — b>____
a+1

The only possibilities are a = 1, 2, 3
Bora=1,b=1;2 3,9

Forag =2, b=3;4;:s 9

Fora=3,b=7,8,9. So, in total there are 19 points
out of 9 x 9 = 81 points.

1
Hence, required probability 0

31
17. (a): f(1)=0=>a+b+c=0
f(7) € (50, 60) = 50 <49a + 7b + c < 60

25
or 50 < 48a + 6b < 60 ie., 8a+be[—3~,10}

ie,8a+b=9

Similarly, 9a + b =11

Hence,a=2,b=-7,¢c=5

e, fx)=2x*-7x+5 = fil2)=8-14+5=-1

18. (b): If AABC is acute, then Cosine rule gives,

AB? = AH? + BH? - 2AH - BHcos(mt - C) ..(i)
and AB = 2RsinC, CH = 2RcosC
—  AB? + CH? = 4R? .. (i)
From (i) and (ii),

AH-BH-CH
4R* = AH® + BH? + CH* + R

3
Now, A.T.Q., 4R* =7 = ie,4R>—7R—3=0

ie,(R+1)(2R+1)(2R-3)=0
Since,3=AH-BH-CH< (2R)?>= R =1

Similarly when AABC is obtuse, we have R :2

3 5
So, sum of possibilities of R=—+1=—

2 2 & ®
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Two unequal circles of radii R and r touch 8. If for every positive integer n, f(n) is defined as

externally, and P and Q are the points of contact of
a common tangent to the circles, respectively. Find
the volume of the frustum of a cone generated by
rotating PQ about the line joining the centres of
the circles.

Let n > 2 be a natural number. Show that there
exists a constant C = C(n) such that for all real

H 1
X150 X, 2 () we have 2 Xy EJH (x; +C).

k=1 k=1

Determine the minimum C(»n) for some values of .

Find all real coeflicients polynomials p(x) satisfying
(x -1)? p (x) = (x-3)? p(x+2) for all x.

Prove that: 0 < yz + zx + xy - 2xyz < 57

where x, y, z are non-negative real numbers for
whichx+y+z=1.

Find the value of the continued root:

\/4+27\/4+29\/4+31\/4+33JT

A hexagon is inscribed in a circle with radius r. Two

of its sides have length 1, two have length 2 and the
last two have length 3. Prove that r is a root of the
equation 2r° — 7r — 3 = 0.

Let k = 2 be an integer. The sequence (x, ) is defined

k
xﬂ+1

by x,=x;,=1and x,,, = for n=1.

n—1
(a) Prove that for each positive integer k = 2 the
sequence (x,) is a sequence of integers.
(b) If k=2,showthatx, ,=3x -x ,forn=>1.

9

10.

ks

1

) for n=1

n —
/ " forn=2

Fn-1)
-

then prove that : /1992 < f(1992) {-E-J 1992.
We consider regular n-gons with a fixed

circumference 4. We call the distance from the
centre of such a n-gon to a vertex r_ and the distance
from the centre to an edge a, .
(a) Determine a,, 1, ag, 1y
(b) Give an appropriate interpretation
for a, and r,.

1

Prove: a,, :E (@,+r)andr, =/a,.r,.

2!‘

A

(c)
(d)

Let 14y 0k s Wiy be defined as follows :

!
o=tk = Ll =
0 1 i 9

and u, = \/ u, »u,  foroddn.

11

(“n—z + u”_l) for even n

Determine: lim y "
n—yo0

There are real numbers a, b, csuch thata=b=>c¢> 0.

P R W
Prove that + e
C a b

>3a-4b + c.

SOLUTIONS

Oq Q S

First, we note that triangle ATOpOgq has a right angle
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angle at T, with OpOg = R + r and OpT = R - r. Hence

OgqT = 2\/Rr .

Because of parallel and perpendicular lines, all of angles
ZPSOp, £LTOqgOp, ZOpPP"and £Z0qQQ" are equal. We
denote the common value by 0. From triangle AOpOqgT,
we note that

R—r 2\/@

and cos 0 =
R+r R+r

Using various right triangles, we obtain:

R(R—-r)

R4+r
2RJRr 2{/Rr
R+r R-r
r(R—r)

R+r

21‘@

F = e:
QQ = r cos Ry

g 2rRr 2JRr

R+r R-r

sin 6 =

2RJ/Rr

R+r

OpP = R sin O = ; PP =.Rcog 8=

4rR?

P'S = PP cotO = =

¥

QqQ’ =rsin 6 =

4r2R
Rz - r2

Q'S = QQ’ cot

T

Hence, V = 5 I:(PP")ZP"S - (QQ")ZQ"S]
| B 4R 4R

(R+r)? Rz—rz_
16mR*A(R’—1°)  16mR*r*(R* +Rr +1%)
C3R+1AR D) 3R+71)°
Which is the required volume.

2. We show that the inequality is valid for an aggregate
of values of C of which the least is

m| 4R’r 4rR*
3| (R+1)° R* =1

—_—
=1

Let us first do the easier task of proving the existence of
C's which make the inequality valid. Of course this part
will be redundant as soon as we improve the technique
to find the least C.

Setting x. = y.> where y.> 0 (i = 1,...,n), we are to show,
equivalently, that for some C we have

2
H H
) |
{2%] <|]y+C (1)
i=1 i=1

Treating the right hand side of (1) as a polynomial in
C, we observe that all coeflicients are non-negative and

that the coefficient of C"! is X y~.

s [ s02{ £7 o
1=1 i=1
@
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But by the Cauchy-Schwarz inequality, we have

Y

So inequality (i) will be valid if we choose C = n'/(n-1)
or larger. This completes the easier task.

It turns out that #n/("-1) is only a slight overestimate
of the minimum C, which we now seek. for any C for

yiyn—1/{JC | so that (i)

which (i) is valid, set w, =
becomes

2
(Zw} P 1l_[(w +n—1)
n—

or equivalently

st g)

To find the minimum C we shall first show that the
following inequality is valid:

ORI

we shall use the weierstrass inequality

M m
[[a+a)21+) a
i=1 i=1

Which holds if all a, < 0 or if -1 < a, < 0 for all i.
Without loss of generality let w,...w,21and 0 S w

...s W, < 1, where t €{0, 1,...,n}. Then

A A

it H =1y B o E G

f+1

g g
Aol

iI=t+1

H | ]
£ o)esie
i=t+1 =l
(the last inequality by the Cauchy-Schwarz inequality),
which proves (iii). Note that equality occurs for
w;= ... w, = 1. We conclude that (ii) is valid for any C

with C*1n"/(n-1)"1 > n?, i.e., with

n—1
2> ;
n—1 fnn—Z

nz7J,



The minimum value C(n) We seek is then as stated at
the beginning, since for

2
Xi=)i =¢ —1 T

the original inequality reduces to equality.
Remark : The above shows C(2) = 1,

2 3
C(3)=—— =1.1547, C(4)=—— =~1.1905,
V3 I
4
C(5)=—4 = ~1.1963,and generally C (n) ~ nl/(0-D
5

which approaches 1 in the limit.

3. We consider polynomials p(x) with coeflicients in
a field F of arbitrary characteristic and find as follows:
(i) If char (F) =0, (in particular, if F = R), then p(x) =
a(x-3)%, where a is any scalar (possibly 0) in F;

(ii) If char (F) =2, then every p(x) satisfies the equation
(clear);

(iii) If char (F) = 2 an odd prime, /, then there are
infinitely many solutions, including all p(x) = a(x - 3)?
(x"" = x+c)witha,ce F,and v=0, 1, 2, ... (Note that
p(x) has the form a(x - 3)? if v = 0.

To prove this, observe that if char (F) # 2, then x - 1
and x — 3 are coprime, whence p(x) = (x - 3)? g(x) in
Flx].

Thus our equation becomes

(" = 1)2 (x - 3)2 q(x) = (x = 3)? (x - 1)? g(x + 2) (*)
whence g(x) = g(x+2), as polynomials; that is, elements
of Flx].

Now if char (F) = 0, then (*) has only constant solution.
(The most elementary proof of this: without loss of
generally, g(x) = x" + ax"! + .... Then g(x + 2) - g(x)
= 2nx"' + ..., and this is non-zero if n = 1. Another
proof: (*) implies that g(x) is periodic, which forces
equations g (x) = ¢ to have infinitely many roots x, a
contradiction).

This establishes the assertion (i).

Re: assertion (iii). Let char (F) =1 and

gix) =2 - x +c

Then for x =0, 1,..., [ = 1, (that is for each element of
the prime field), we have g(x) = c and so g(x) = g(x+1)
= gq(x + 2) = ..., ylelding polynomials of degree greater
than or equal to | which satisfy. (*). This establishes the
assertion (iii).

4. In this problem, we will prove that for x, y, 2< 0,

0L (yz+zx+xy) (x+y+2)-2xyz< i(x+y+z)3.
27

This is the homogeneous version of the original

inequality. The expression in the middle expands to

>, x* ¥ + xyz, which is clearly non-negative. We focus

on the right inequality, which becomes Y, x* y + xyz <
7 5 4 oag g 14 NS S

= 2%+ ; X%y + = >xyz, which implies

6 2x%y < 7X x> + 15xyz.

A property of homogeneous polynomials, and an
alternate definition, is the following: p(x;, x,, ..., x ) is
homogeneous of degree k if

PRy Ky wia0k) = Kopld; %2, w5 %) forall A€ R,
Going back to the original problem,

px, v, z2)=(z+zx+ xy) (x+y + 2) - 2xyz.

If x+ y+ z =0, then all three variables must be 0,

and the inequality follows. Otherwise, we can set
1

i , and then
x+y+z
055 |—n X = _|&t
X+ yte X¥F y+z x¥yte ] 27

5. More generally, for any positive integer n, we

claim that \/4+n\}4+(n+2)\/4+(n+4m =n+2,

where the left side is defined as the limit of

F(n,m)z\j4+n\/4+(n+2)\/4+(n+4)\/...\/4+m
as m — oo (where m is an integer and (m - n) is even).
If g(n, m) = F(n, m) — (n +2), we have
Fin,my*-n+2Y=@A+nFn+2,m))-A+n(n+4))
= n(F(n + 2, m)- (n + 4)),
n

Finm)+n+2
Clearly F (n, m) > 2,

g(n,m) = g(n+2,m).

1

+4
By iterating this, we obtain

|g(n+2,m)|.

So, |g(n, m)| <
n

n(n+2)
m(m+2) m

lg(n, m)| <
Therefore g(n,m) — 0 as m — o

Let Sn:\/4+(2n—1}\j4+(2n+1)\/4+(2n+3)\/i

S . satisfies the recurrence relation
S, = \/ 4+@2n-1)S, ., if and only if
(§,-2)(S,+2)=(S,-1)S§, +1.
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By inspection, this admits S_ = 2n + 1 as a solution. We
only have to prove that S, = 3 to make this induction
complete. Let

:\/4-1-J4+3J...(2n—3)\/4+2ﬂ—L\/(2ﬂ+3)

and U, = \/4+\/4+3\[...(2n—3)J4+(2n—1)(2n+3) =3

Clearly T, < U, and the latter is identically equal to 3.
Therefore, using the fact that B 2 A > 0 implies that

J@4+A)/(4+B)=/A/B,
- H=T \/4+J +(Q2n=142n+3
\/:HJ 2n—1/2n+3

> M Wz___zzm\yL
oot @n—12n+3 23

as n — oo [for example, by rewriting as exp {- In (2n +
3)/2%*1} and using L' Hopital's rule]. This proves that
§,=lim_, T =3.The required expression is precisely
§,, and hence its value is 29.

6. Equal chords subtend equal angles at the centre of

a circle; if each of sides of length i subtends an angle
o, (i = 1, 2, 3) at the centre of the given circle, then

200, + 20, + 20L; = 360°,
where, 21492 _ ggo_ %,
2 2 2
o, O o o
and cms( L. 2] = cms(QU‘:’ - 3] = sin—2.,
2 2 2 2
Next we apply the addition formula for the cosine:
«:u::ns-{ﬂ cas% sinEl smﬂ = sin% et
2 2 2 2 2
where, sin— = CHg— = :
2 i 2 2r
2
o 1 o r°—1 o, 3/2
Sin—2 = —, COS—2 = s sin— = — =,
2 r 2 r 2 r
Ol
S 2
_T r
{ 3/2
Z
A C

We substitute these expressions into (i) and obtain,
after multiplying both sides by 24,

D
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\/4r2—l.\{r2—1—1=3r.

Now write it in the form \/ (ﬁh*'2 -1) (1*‘2 —1)=3r+1,

and sqaure, obtaining (4r* - 1)(r* = 1) = 9r* + 6r + 1,
which is equivalent to r(2r° - 7r - 3) = 0.

Since r # 0, we have 21> — 7r — 3 = 0, which was to be
shown.

7. (a) We immediately get x, = 2 and x, = 2% + 1.
Now we use mathematical induction for the proof.
Assume that x, x;, ..., x, are all natural numbers. We
must show that x,__, € N. First we note that since x,_, -
X, = x‘;‘i_l + 1 it follows that x_, and x __, are relatively
prime. Using x, = (xffi_] + 1)/x,_, we infer that

xfj +1 (xf;_l + l)k + xfj_z
xﬂ+1 _ = .
K
Xn-1 Xp—2 Xn-1

Thus obviously x* , divides N = (x*

k k
n—1 T 1) T X2
since x, is a natural number. Furthermore, modulo
x, _; we have:
_ ko _ _
N=1+x* ,=x ,.x,,=0.
That is, x, _, also divides N and we are done.
2
|

2 _
EX, g =X =1

(b) Now, X, =

n—1
- — 2 L]
That is, the sequence {y } ={x, ,.x ., - x/}is constant.

Setting y .. =y we have
X Xpp2 ~ x$+l =~ X1t Fpg1 T xr%
& xn(xn * xn+2) = xn+1(xﬂ-l * xn+1)
i Xyt Xp40 — Xp1 T Xpi .

X X

n+1 M

That is, the sequence {z } = {(x, _, + x  )/x } is
constant. From z, = 3 we get (x__, + x_,)/x, = 3; that

is, x ,,=3x -x _, forall n>1, as claimed.
4
8. In general, Vn+1 ﬁf(n){—?)\/;i ..(1)

for all even n > 6. In particular for n = 1992, we would

get1/1993 < £(1992) < 1./1992

First note that f(n) = 7 (ﬂ—l) o lf(n 2) for all
> 3. If N = 2k where k = 2, then multiplying f(2g)
29

2@'
4 6

fl2k)=—— f2)

35 2k—1

GIEEHES P EIRIEHE)

f(2g-2) for 2,3, ..., k, we get
1 q= g




) 246.2k 357..02k+1)
Hence, (f(2k))"> 1.35..2k—-1) 2.46.2k R+
f(n)= f(2k)>2k+1=\/n+1. ..(1i)

On the other hand, for k = 3 we have

o (e
HUHIEER

2
Hence, (f(2K))? < ( E] | 4.6...2k—2) | 5.7...2k 1)
5.7..2k-1) 6.8..2k

3
N 2
:(E) 4.2k
3

from which it follows that

)= F@R) <2k =\

The result follows from (ii) and (iii).

(2k)?

...(iii)

Note: Using similar arguments, upper and lower

bounds for f(n) when n is odd can also be easily

derived. In fact, if we set P= 1.3.5..(2k -1) (usually
2.4.6..2k
2k —1! _
denoted by T then various upper and lower

bounds for P abound in the literature; for example, it

1 5 1 3
is known that F\K <Pl
2\ 4k +1 2\ 2k +1

1 1
Ad —e—— S P s,
( 1) Jhm
1+ T
2
9. Let O be the centre O
of the regular n-gon. Let ¥ b
A A, denote one side of A " A,
the regular n-gon
Then, we have ZA OA, =2j, LOA A, = ZOA A,
n

T T — ) ? 2 2T

b Thus, | AA, |=\/1"M L A cas?

2T ) Tﬁ
7 H n

The circumference of the regular n-gon is

. T 2
2nr, sin—=4 whence 1, = =
” nsin

"n

(T m 2 tn
d. =r.SiNn| ——— | =71, COS— = —COL—.
LI L 2 n " noon "

In particular

1 1 2 2 T 1
gy == =J_, ay =—Col— =—,
2 . T 2 4 4 2
sin—
4
2 1
rg = = -
8sin— 4sin—
8 8
T 1 T
Now, cos— =— =1 —2sin*_
4 2 8
smn_l Y}
8§ 2 ’
S 1 2 1 1
U, rS e =——r3 ’
12-y2 2 2-\2
m 1(2+J2 1 1
and. 4, =708 — =— = 43,
878 4\ 22 42-2
T
since cos— = ZCDSZE '
4 8

For (b), r, = 1, a, = 0 as the 2-gon is a straight line with
O lying at the middle of A, and A,
For (c), we have

L 7 T
a,t+r = rﬂ[lJrcas—J =21, CO8™—

11 2n
4 5 T 4 2 T 2 T
= nccrs 2—: = = COS 2—:—c0t2—.
nsin— t 2nsin— cos— L L
1 n 2n

1 1
Thus —(a,+71,) =— cmt(ﬂ) =a,,, and

2 n 2n
T T
COS COS
_1 2n 2 1 21 _ 1
Aontn =— * L - >
< R | T oy~ . 2T T 7, 20
nsin 1sin sin COS- 1~ sin
2N 1 2n 2n 2n
1
SO /a1, = = .
2n'n T 2n
1 SIin—
2n |
For (d), note u, = 0, u; = 1, and u, = 4 For n = 2

we have that u_ is either the arithmetic or geometric
mean of u, , and u,__,
them. It is also easy to show by induction that u,, u

and in either case lies between

2!'
U, ... form an increasing sequence, and u,, U, U, ...

form a decreasing sequence with u,; < u,  , for all ],
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lim — lim — 2 # 2
2 0. Let b s VDR T P and T [. Then P So, limr, =_ since _ — 0. Therefore lim U, =— .
P Iso h . 1 h n—yo0 T n H—yco T
< I. We also have from u, = 2 (u,, | + u,, ,) that
1 10. Froma = b = ¢ > 0, we have
P=_(I+P)sothatI=Pand lim u exists. Let lim
2 n¥eo n—yeo a+b b+c a+c
= L. Witha,=0and r, = 1, let 5,, = a4 and 22. 0€<——=2 and — 21
2 2 2k 2 C a b
Uyp41 = Tpknt, for k=0, 1, 2, ... From (¢), By = a, =a, a2 1,2
=0and ¥ =1, =r,=1. Alsoforn =2k + 2, Now, 2 2(a - b), because a 2 b;
2 2 2k+2 c
1 1
= ﬂzkﬂvﬂ — ﬂZ.ZkH :—2'(”2“1 +b2k+1) = E (ﬂZk +H2k+l)’ CZ — bz
1 > 2(c - b), because c < b
thatis o, =—(w,_, +u,__,) and for n = 2k + 3 kt
n 2 n—2 n—1
2 2
- B B _ a —=c
k3 = Wo(k+1)+1 = Dykeinn = Tz(zfcﬂ) and : > a - ¢, because a > ¢
s Ja 22kt T2k S \/a Skt Tkt = Jﬂz k1) Pkt After addition of these inequalities, we have
= — . 2 2 2 2 2 2
07, :Jﬁﬂ_l @, , . Thus u_and 7, satisfy the same a” —b +c -b +a - 34 B B ]
, _ = 2(a - b))+ 2(c -
recurrence and it follows that L = [im Akt = lim ¢ a b
k—yoo k—eo e ( q — c),
I,k+1 . Now, from the solution to (c), 2 .2 2 .2 2 2
.oa —=b" ¢"-=-b" a —-c
m that is, + + > 3a - 4b + c.
= C a b
5 = 2 2 q
e The equality holds if and onlyifa=b=¢ > 0.
HS1Nn — S1I —
n n @ @
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B QUANTITATIVE
= APTITUDE TEST

Useful for Bank PO, Specialist Officers & Clerical Cadre,
BCA, MAT, CSAT, CDS and other such examinations

A three digit number has digits a, b, c from the left
to right with a > c. If the digits are reversed & the
number thus formed is subtracted from the original
number, the unit digit is 3. What are the other two
digits from left to right?

(a) 6&9 (b) 9&6 (c) 6&3 (d) 9&3

A person has five iron rods with lengths 16, 24, 48,
72, 104 cm each. He wants to convert into pieces
of equal length from each of five rods. The least
number of total pieces, if there is no wastage of
material is

(a) 14 (b) 8 (c) 33 (d) 44

In a university, one third boys and half of the girls
participate in the camp. Out of the total participants
of 300 students, 100 are boys then find the total
number of students in the university.

(a) 600 (b) 800 (¢) 500 (d) 700

3x 21
If4x + 5y =83 and 2,’V= , then y — x is equal to
(a) 3 (b) 4 (¢) 7 (d) 2

4 4

1) (1)
The square root of 4 - o > is

[13) (8

2 8
@12 < @2l @ 1L
8 8 8 64

The cube root of 135\/5 - 87\/5 equals
(@) 32 +4/6 (b) 343 -6
(c) 23-4/6 (d)None of these

Mahavir purchase 1000 articles at the rate X 5 each
and sold 850 articles at the rate X 7 each and rest
articles at the rate < 3.50 each. Find the average
profit per article sold.

(a) X 1.50 (b) 247 (c) X147 (d) I 1.75

8.

10.

11.

12.

13.

14,

The sum of three numbers is 264. If the first number
be doubled the second and third number be one-
third of the first, then the second number is

(a) 48 (b) 54 (c) 72 (d) 84

10 years before, the ratio of ages of A and B was
13 : 17. 17 years from now, the ratio of their ages
will be 10: 11. The present age of B (in years) is

(a) 23 (b) 27 (c) 40 (d) 44

The average age of family of five members is 24
years. If the present age of youngest member is 8
years. What was the average age of the family at the
time of birth of youngest member?
(a) 16 years (b) 18 years
(c) 20 years (d) 21 years

The tank full of petrol in Aruns motor cycle lasts
for 10 days. If he starts using 25% more everyday, in

how many days will the tank full of petrol last?
(a) 6 (b) 7 (c) 8 (d) 5

Rajni purchased a mobile phone and a refrigerator
for T 12000 and X 10000 respectively, she sold the
refrigerator at a loss of 12% and mobile phone at a
profit of 8%. What is the overall loss/profit in whole
transaction?

(a) loss ofX 280 (b) loss of X 240

(c) profit ofX 2060 (d) loss of T 640

A merchant earn a profit of 20% by selling
a basket containing 80 apples, which cost

< 240, but he gave L ofit to his friend at cost price
4

and sells the remaining apple. In order to earn the
same profit, at what price he sells each apple?

(a) T3.00 (b) T3.60 (c) T3.80 (d) T 4.80

Two vessels are full of milk with milk-water ratio
1:3 and 3 : 5 respectively. If both are mixed in the
ratio 3 : 2, the ratio of milk and water in the new
mixture is
(a) 4:15

(b) 3:7 (c) 3:10 (d) 6:7
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15.

16.

17.

18.

19.

20.

21.

60

Anil is an active and Vimal is a sleeping partner in
a business. Anil invests X 12000 and Vimal invests
< 20000. Anil received 10% profit for managing
and the rest being divided in proportion to their
capitals. Out of the total profit ¥ 9000, the money
received by Anil is

(a) < 4800 (b) < 3937.50
(c) < 4600 (d) T 4500
A and B started a business with ¥ 20000 and

< 35000 respectively. They agreed to share the profit
in the ratio of their capital. C joins the partnership
with the condition that A, B and C will share profit
equally and pays < 220000 as premium for this, to
be shared between A and B. This is to be divided
between A and B in the ratio of

(@) 10:9 (b) 1:10 (c) 10:1 (d) 9:10

A daily wages worker appointed on a contract is
paid < 350 every day. He attends work and ¥ 125 is
deducted from his salary as a fine every day remains
absent. If in a month of 31 working days, he earned
< 8475, then for how many days he is absent?

(a) 5 (b) 6 (c) 7 (d) 8

2000 soldiers in a fort had enough food for 20 days.
But some soldiers were transferred to another fort
and food lasted for 25 days. How many soldiers
were transferred?

(a) 525 (b) 500 (c) 450 (d) 400

Nishtha can do a piece of work in 25 days and Tina
can finish it in 20 days. They work together for 5
days then Nishtha quit herself. In how many days
will Tina finish the remaining work?

(a) 20 (b) 18
(c) 15 (d) None of these
Through an inlet, a tank takes 8 hours to get filled

up. Due to a leak in the bottom it takes 2 hours
more to get it filled completely, if the tank is full,
how much time will the leak take to empty it?

(a) 20 hours (b) 25 hours

(c) 40 hours (d) 30 hours

Two pipes P and Q can fill a cistern in 12 and 15
minutes respectively. If both are opened together
and at the end of 3 minutes the tap P is closed. How
much longer will the cistern take to fill?

(a) 8-

8 — minutes

1
(b) 8 — minutes
4 2

| M
(c) 8 Z minutes (d) 9 3 minutes
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22,

23.

24,

25.

26.

27.

28.

29.

A train of length 150 m takes 10 s to cross another
train 100 m long coming from opposite direction. If
speed of first train is 30 km/h. What is the speed of
second train?

(a) 60 km/h (b) 55 km/h

(c) 50 km/h (d) 45 km/h

A motor boat takes 2h to travel a distance
of 9 km down the current and it takes
6 h to travel the same distance against the current.
What is the speed of current (stream or water flow)?
(a) 3 km/h (b) 2 km/h

(c) 1.5km/h (d) 2.5km/h

In two types of stainless steel, the ratio of chromium
and steel are in ratio 2 : 11 and 5 : 21. In what
proportion should the two typed be mixed, so
that the ratio of chromium to steel in the mixture
becomes 7 : 327

(@) 2:3 (b)3:4 (¢)1:2 (d) 1:3

How many kilograms of the tea powder costing
X 34 per kg be mixed with 33 kg of tea powder
costing ¥ 42 per kg, such that the mixture when
sold at X 46 per kg gives a profit of 15%?

(a) 18kg (b) 15kg (c) 14kg (d) 11kg

An amount is invested in a bank at compound rate
of interest. The total amount including interest
after first year and third year is ¥ 1200 and I 1587
respectively. What is the rate of interest?

(@) 10% (b) 12% (c) 15% (d) 20%

ABC is a triangle right angled at A, AB = 6 cm,
AC = 8 cm. Semi circles are drawn (out side the
triangle) on the sides AB, AC & BC as diameters
which enclose the area x, y and z respectively. Then

Z + y equals
(a) 17 T cm? (b) 9 /2 cm?
(c) 20.5 7w cm? (d) 25 /2 cm?

A cylindrical box of radius 4 cm consisting of 6
solid spherical balls, each of radius same as the
radius of cylindrical box. If the upper most ball
touches upper cover of the box, then volume of the
empty space in the box is

(a) 16mcm’ (b) 641 cm?

(c) 256m cm? (d) None of these

The clock A and B began to strike 12 together.
Clock A strikes its strokes in 33 seconds and the
clock B strikes its strokes in 22 seconds. What is the
difference of interval between the 5 stroke of clock
A and the 7" stroke of the clock B?

(a) O0sec (b) 2secs (c) 3secs (d) 4secs



30.

If sinx + cosx = p & sin’x + cos’

p’ - 3p equals?
(a) 0 (b) -2q

x = g, then what is

(c) 2q (d) 44

SOLUTIONS

1.

10.
11.

(a): Let original number =100a+ 100+ ¢ ...(1)
After interchanging the digits number=a+ 1056+ 100 ¢
.. (i1)
Now, subtracting (ii) from (i), we have
Required number =99 (a - ¢)
As, unit digitin 99 (a-c)is 3,s0a-c=7
3 digit number = 99 x 7 = 693

(¢) 3. (d) 4. (b) 5.

(b): 135,/3 -87./6 =33(45-292)

= (1353 -876)"3 = /3(45-29,/2)"3

Again, let (45-29,/2)"° =x—[y (i)
(45+29y2)"P =x+ [y ...(ii)

Now multiplying (i) and (ii), we get

(2025 = 1682)13 = x2 - y=3 x2 —~y = (343) 1/

= y=x>-7

Again cubing (i), we get

45—29./2 = %> —3x° ¥ +3xy—yﬁ

Equating rational parts of (iii)

x°+3xy=45=4x> - 21x-45=0

=> x = 3(by using remainder theorem)
y=9-7=2

Henice, (1353 —876)"3 =/3(3-4/2)
(c)

(c) : Let the second number be x.

(a)

... (i)

Then first number is 2x and third number is _2_x

3
According to problem, 2x + x + - 264

3
= 1lx=3X%X264 = x=72

(b): In the problem x = 13k, y = 17k
Present age of A is 13k + 10 and Bis 17k + 10
According to problem, we have

13k+10+17 10
s =% k=27 =k=1
17k+10+17 11

.. Present age of B= 17k + 10 =17(1) + 10 = 27 years

(¢)
(c) : Let the quantity of petrol used everyday be x.

Quantity of petrol used for 10 days = 10x
= total petrol available
As the petrol used 25% more everyday

12,
14.

15.

16.
20.

21.

22,

23,
al,

X

Quantity of petrol used everyday = x +_4 =— X

o

Required number of days

_ Total petrol available _ 10x _ 40 _
3 5
4

(b) (€)

(c) : The ratio of milk and water in new mixture be x.
Now, according to problem, and using law of
mixture we have

8

~ Petrol used everyday

13.

3
8 x_3 N 3—8x_3
5 =

= = =
4x—1 1 10

1
X —
4
Required ratio is 3 : 10

(b): Anil’s share for managing the business

= 10% of T 9000 =< 900

The profit which is distributed =< 8100

Now ratio of investment = 12000 : 20000 =3:5

3
. Anil’s share =8100 XE =3037.50

. Total amount received by Anil =< 3937.50
(c) 17. (a) 18. (d) 19. (d)

(c) : Let the leak takes x hours to empty the tank.
Now;, part filled by inlet in 1 hour = 1/8
Part filled by inlet and leak (outlet) together in 1

1 1
hour = =
8+2 10 1
Now, according to problem — =— — = x=40
X

(a)

25
(a) : Speed of IS train = 30 km/h “ m/s

Total length of both the trains = 250 m
Let speed of 11" train be x m/s
Total time = 10 s

Total distance

Speed of I* train + Speed ot 1™ train

250 % 3
= 10= 290 =3 =10 = x:@
25/53+:% 3x + 25 3
Speed of 119 train =~%] ><-1—58 km/h =60 km/h
(¢) 24. (c¢) 25. (d) 26. (¢)
(c) 28. (¢) 29. (a) 30. (b)

A

61
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