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QUADRATIC EQUATIONS -

IDENTITY 
An identity is the statement of equality between two 
expressions which is always true for all values of the 
variables involved. So, f(x) = g(x) is an identity if f(x) 
and g(x) have same value for every value of x. 
Note: 
(i) A polynomial of degree n represents an identity, if 

it is satisfied by (n + 1) or more values of x. 
(ii) If f(x) = g(x) represents an identity, then the 

coefficients of similar terms of x are equaL 
(iii) An equation ax3 + br + ex + d = 0 represents an 

identity in terms of x, then a = b = e = d = o. 
PROPERTIES OF ROOTS OF EQUATION 

Factor theorem 
(i) (x - a) is a factor of a polynomial f(x) if and only 

if f(a) = o. 
(ii) (x - a)2 is a factor of a polynomial fix) if and only 

if f( a) = 1'( a) = O. In this case, we say that a is a 
repeated root of fix) = 0 (a double root). 

(iii) If (x - a)rn is a factor of a polynomial f(x) = 0, 
h fi() -f'( ) -f"( ) -f'" ( ) - -f(rn - 1) tena- a- a- a- ...... -

(a) = 0 andfn/(a) '" o. 
Remainder theorem 
The value of remainder, when f(x) is divided by (x - a) 
(x-~),is 

f(a)- f(~) 

a-~ 
x+ 

af(~)-~f(a) 

a-~ 
• 

Position of roots of a polynomial equation 
If fix) = 0 is an equation and a, b are two real numbers 
such that 
(i) f(a) f(b) < 0, then the equation f(x) = 0 has at 

least one real root or an odd number of real roots 
between a and b. 

(ii) If f(a) and f(b) are of the same sign, then either 
no real root or an even number of real roots of 
fix) = 0 lie between a and b. 

RELATION BETWEEN ROOTS AND CO-EFFICIENTS OF 
POLYNOMIAL EQUATION 
Consider the general equation of nth degree 
f(x) = ao XII + alxn - I + ..... + an _ 1 X + an = 0, where 
aQ. at ...... an E C and n E Z 
Let its roots be ai' U2 .... , a w Then, 

• 

• 
• 

• 

• 

Sum of roots taken one at a time = S] = L. a j = _ at 
ao 

Stun of product of roots taken two at a time = 52 

= Lujaj = az 

i:#. j ao 

Sum of product of roots taken three at a time = 53 

~ _ ":l 
= L.J aj(J.. /J..k - - -

i~j*k ao 
• ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

...................................................................... 
5" = the product of roots taken all at a time = 5" 

n a'l =a1CX:2 .... a" =(-1) .-
ao 

Number of terms in 51' 52, 53, .... , 5" are respectively 
"e "e "e "e 1> 2, 3,····, IJ' 

fial) = f(a2) = f(a3) = fia,) = .... = fia,,) = 0 

Iffix) = 0 has n real roots, thenj'(x) = 0 has (n - 1) 

real roots. 
rffix) = 0 has n real roots, thenf(x) = ao(x - al) 

(x - a2)(x - a3) .... (x - a" _ ,)(x - a") 

If ai' az' a3 ...... , a" are n roots of an equation, then 
the equation can be written as 
x" - 51 X,, - I + 52 x" -2 + ... + (-1)"5" = O. 
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TRANSFORMATION OF EQUATIONS 

• An equation whose roots are reciprocals of the roots 
of a given equation is obtained by replacing x by l /x 
in the given equation and simplify it to make it a 
polynomial equation. 

• An equation whose roots are negative of the roots 
of a given equation is obtained by replacing x by -x 
in the given equation and simplify it to make it a 
polynomial equation. 

• An equation whose roots are squares of the roots of 

a given equation is obtained by replacing x by .JX 
in the given equation and simplify it to make it a 
polynomial equation. 

• An equation whose roots are cubes of the roots of 
a given equation is obtained by replacing x by xl/3 

in the given equation and simplify it to make it a 
polynomial equation. 

QUADRATIC EQUATION 
An equation that can be written in the form 
ax' + bx + C = 0 'd a, b, C E R and a '" 0, is called a 
quadratic equation. 
The solutions of the quadratic equation ax2 + bx + C = 0 
are given by 

-b+ ) b'-4ac -b±JD 
x= -

2a 2a 

The quantity b' - 4ac is called the discriminant of the 
quadratic equation and is denoted by D or ~. 
Usually, the two roots of ax' + bx + C = 0 are denoted 
by a and ~. The expression ax' + bx + C can thus be 
written as ax' + bx + C = a(x - a)(x - ~). 

Sum and Product of Roots 
-b -(coefficient of x) 

Sum of roots = 5 = a + ~ = -
a coefficient of x 2 

c constant term 
Product of roots = P = a~ = - -

a coefficient of x' 

Also, (Difference of roots)' = (a _ ~)' 

b' -4ac JD 
= (a + W - 4a~ = a' => la-~I= lal 

The quadratic equation with sum of roots 5 and product 
of roots P is given by x' - Sx + P = 0 
i.e. , x' - (a + ~)x + a~ = o. 
The nature of the roots of ax1 + bx + C = 0 
(i) The roots are real and distinct iff D > o. 
(ii) The roots are real and equal iff D = 0 and the equal 

root is given by x = - bI2a. 
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When D = 0, ax' + bx + c is a perfect square. Under 

b 
this condition ax' + bx + c = JIi x +_ 

2a 

, 

(iii) The roots are complex with non-zero imaginary 
part iff D < o. 

(iv) The roots are rational iff a, b, c are rational and 
D is a perfect square. 

(v) The roots are of the form p+jIJ (p, q E Q) i.e., 
irrational iff a, b, c are rational and D is not a 
perfect square. 

(vi) If a quadratic equation in x has more than two 
roots, then it is an identity in x. 

Nature ofthe Roots of f(x) ·g(x) = 0 
If D, and D, are the discriminants of the quadratic 
equations f(x) = 0 and g(x) = 0, then the following 
possibilities arises about the roots of the equation 
f(x)·g(x) = 0 are 
(i) If D j + D, > 0, then there will be at least two real 

roots of the equation fix) . g(x) = o. 
(ii) If Dl + D, < 0, then there will be at least two 

imaginary roots of f(x) . g(x) = o. 
(iii) If D, ·D, < 0, then the equation f(x )·g(x) = 0 will 

have two real roots. 
(iv) If DjD, > 0 then the equation f(x).g(x) = 0 has 

either four real roots or no real root. 

CONDITION FOR COMMON ROOTS 

• 

• 

• 

• 

• 

• 

If ajx' + bjx + Cj = 0 and a,x' + b,x + c, = 0 have 
one common root, then (alb, - a, b,)(b,c, - c,b,) 

= (cja, - ajc, )' 

If ajx' + bjx + Cj = 0 and a,x' + b,x + c, = 0 have 
a j bj cj 

both roots common, then - = - = -a, b, c, 
If the two equation ajx' + bjx + Cj = 0, a,x' + b,x + 
c, = 0 with real coefficients have an imaginary root 
common, then both roots will be common, then 

aj _ q _ c j - - - - -
a, b, c, 
If the two equation ajx' + bjx + Cj = 0 ; 
",X' + b,x + c, = 0 with rational coefficients have 
an irrational root common, then both roots will be 

"j q cj common, then - = - = -a, b, c, 
If every pair of three quadratic equations have a 
common root, then roots are taken as a, ~; 13, Y; y, a 

If a quadratic equation and cubic equation have a 
common root, try to find the root of cubic equation 
by factorization. 



POSITION OF ROOTS OFTHE QUADRATIC EQUATION ax1 + bx + ( = 0 
With Respect to One Quantity (k) 

S.No. 

1. 

2. 

3. 

Situation 

Both the roots are less than k 
i. e., a < ~ < k 

Both the roots are greater than k 
i.e., k < a < ~ 

k lies between the roots 
i.e., a < k < ~ 

With Respect to Two Quantities kl and kl 

S.No. Situation 
1. Distinct roots lies in the interval 

(k l , k,) 
i.e., kl < a < ~ < k, 

I 

I 

I 

Graphical Representation Required Conditions 
--+-

x 

a >O y 

-b 
2a 

x 

a >O 

x 

a > 0 y. 

a <O 

a <O 

a. 

a<O 

k 
• 
• 
• • 
• 

a <O 

k x 

x 
-b • 

• 

2a 

x 

y, 

- b 
2a k . ~ · ~ . • . .. . .... x 

. IX - b 
• -

2a 

a>O y a<O y 

a>O 

Graphical Representation 
a<O 

~ fi k2) 
• 
• x 

(i) D > 0 
(ii) a j(k) > 0 

- b 
(iii) k>-,,---

2a 

(i) D > 0 
(ii ) a f(k) > 0 

-b 
(iii) k < -=2-a 

(i) D > 0 
(ii ) af(k) < 0 

Required Conditions 
(i) D > 0 
(ii ) a f(k l ) > 0 

x (iii) af(k2 ) > 0 
-b 

(iv) kl < <kz 
2a 

2. Interval (kl> k2) lies between the a> 0 (i) D > 0 
roots i.e., a < kl < k, < ~ 

3. One root lies in the interval 
(k l , k,) i.e., k, < a < k, < ~ 

1 

a >O 

fi k ,) , 
• • • • 

x 

y 

x 

fi k,) 

a<O 

k, 
· IX 

fik,>, 

y, fi k.,) 

· ~ • , x 

(ii) a j(k 1) < 0 
(iii) af(k2) < 0 

(i) D > 0 
(ii) f(kl) f(k,) < 0 
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1. The natural number n for which the expression 
y = 5(log3n)2 - log3n12 + 9, has the minimum value is 

(a) 2 (b) 3 (c) 36/5 (d) 4 

2. If a, p are the roots of the quadratic equation 

x2 + px + q = 0 and y, 0 are the roots of x' + px - r = 0, 
then (a - y) (a - 0) is equal to 

(a) q + r (b) q - r 
(c) -(q + r) (d) -(p + q + r) 

3. If a and P be the roots of the equation i2 + 3x + 1 = 0, 
2 2 

then the value of a 

l+P 
(b) 18 

+ P is equal to 

(a) 15 

a+l 

(c) 21 (d) none 

4. The roots of the equation x2 + 6x + a = 0 are real 

and distinct and they differ by atmost 4, then the range 

of value of a, is 

(a) (5,9] (b) [5,9) (c) [4,8) (d) [3,9) 

5. If the equation cot4x - 2 cosec2x + a2 = 0 has atleast 

one solution then, sum of aU possible integral values of 

'a' is equal to 
(a) 4 (b) 3 (c) 2 (d) 0 

6. If the equation 4i2 - 4(5x + 1) + p2 = 0 has one 

root equals to two more than the other, then the value 

of p is equal to 

(a) +.,fi36 (b) + 5 
3 

(c) 5 or - 1 (d) 4 or - 3 

7. The values of k for which the quadratic equation 

(1 - 2k)i2 - 6kx - 1 = 0 and ki2 - x + 1 = 0 have atleast 

one root in common are 

1 
(a) (b) -

2 

1 2 
- , - (c) 
3 9 

2 
(d) -

9 

8. The minimum value of the expression 

1 2 

2'9 

Ix - p I + I x - 15 I + I x - p - 15 I for 'x' in the range 
p < x < 15 where 0 < p < 15, is 

(a) 10 (b) 15 (c) 30 (d) 0 

9. If x,y, zare real such that x + y+ z= 4,i2 + y' +r = 6, 

then the range of x is 

(a) (-1,1) 
(c) [2,3] 

(b) [0,2] 

(d) [2/3,2] 

10. The roots of the equation a(x - b) (x - e) + b (x - e) 

(x - a) + e(x - a) (x - b) = O(a, b, e are distinct and real) 

are always: 

MATHEMATICS TODAY I MAna 

(a) positive 

(c) real 

(b) negative 

(d) unreal 

11. If tane and cote are the roots of the equation 

i2 + 2x + 1 = 0, then the least value of i2 + tan8x + cote = 0, 
. 
IS 

(a) 2 
4 

(b) ~ 
4 

(c) -5 
4 

(d) -3 
4 

12. If one solution of the equation 0 - 2i2 + ax + 10 = 0 

is the additive inverse of another, then which one of the 

following inequalities is true? 

(a) -40<a<-30 (b) -30<a<-20 

(c) - 20 < a < - 10 (d) - 10 < a < 0 

13. Suppose a, band e are positive numbers such that 

a + b + e = 1, then the maximum value of ab + be + ea 
• 
IS 

(a) 1 
3 

(b) ~ 
4 

14. Assume that p 

~x+3P+I-Tx =1 

necessary that 
(a) p > 1/4 
(c) P > 1/3 

(c) ~ 
2 

(d) ~ 
3 

is a real number. In order for 

to have real solutions, it is 

(b) P > - 1/4 

(d) P > - 1/3 

15 Let a, p, yare roots of the equation x3 + qx + q = 0, 
then find the value of (a + P)-I + (P + y)-I + (y + a)-I. 

(a) 0 (b) - 1 (c) 1 (d) none 

16. PQRS is a common diameter of p 

three circles. The area of the middle 

circle is the average of the area of the 

other two. If PQ = 2 and RS = 1 then the 
length QR is 

(a) .)6+1 (b) 16-1 
(c) 5 (d) 4 

17. If every solution of the equation 3 coi'x - cosx - 1 = 0 

is a solution of the equation acos22x + bcos2x - 1 = O. 
Then the value of (a + b) is equal to 
(a) 5 (b) 9 (c) 13 (d) 14 

18. If all values of x obtained from the equation 
4x + (k - 3)2X + k = 4 are non-positive, then the largest 

integral value of k is 
(a) 1 (b) 2 (c) 3 (d) 4 

19. Let rlo r, and r3 be the solutions of the equation 

x3 - 2i2 + 4x + 5074 = 0 then the value of 
(rl + 2)(r2 + 2)(r3 + 2) is 
(a) 5050 (b) 5066 (c) -5050 (d) -5066 



20. If a and ~ are the roots of the equation 

(Iog,x)' + 4(1og,x) - 1 = 0, then the value of 

log~a + loga~ equals 
(a) 18 (b) - 16 (c) 14 (d) - 18 

21. Let m(b) be the minimum value of f(x) = (2 + b + h')"o 

- 2.,fi (2b + l)x + 8, where bE [-3, 10].The maximum 
value of m(b) is 
(a) 2 (b) 4 (c) 6 (d) 8 

22. The graph of a quadratic 
polynomial y = ax' + bx + e 
(a, b, e E R) with vertex on y-axis 
is as shown in the figure. 
Then which one of the following 
statement is INCORRECT? 

y 

x 

(a) Product of the roots of the corresponding quadratic 

equation is positive. 
(b) Discriminant of the quadratic equation is negative. 
(c) Both (a) and (b) 

(d) None of these 

23. The quadratic equation x2 - 1088x + 295680 = 0 
has two positive integral roots whose greatest common 

divisor is 16. The least common multiple of the two 
roots is 
(a) 18240 
(c) 18960 

(b) 18480 
(d) 19240 

24. Given a, b, c are non negative real numbers and if 
a' + b' + e' = I, then the value of a + b + c is 

(a) >3 (b) >2 (c) <,fi (d) :::J3 
25. The set of values of 'a' for which the inequality, 

(x - 3a)(x - a - 3) < 0 is satisfied for all x E [1 ,3] is 
(a) (l /3,3) (b) (0,1/3) 

(c) (-2,0) (d) (-2,3) 

26. If the roots of the cubic, x 3 + ax' + bx + e = 0 are 
three consecutive positive integers. Then the value of 

a' .,-_ is equal to 
b+1 
(a) 3 (b) 2 (c) I (d) 1/3 

27. If x be the real number such that x3 + 4x = 8, then 

the value of the expression x 7 + 64x' is 
(a) 124 (b) 125 (c) 128 (d) 132 

28. If the roots of the equation x' - p"o- r = 0 are tan a, 

tan~ and tany, then the value of sec'a· seC'~ . seC'y is 
(a) p' + ,.2 + 2rp + 1 (b) p' + ,.2 - 2rp + 1 
(c) p' - ,.2 - 2rp + 1 (d) None 

29. Number of quadratic equations with real roots 
which remain unchanged even after squaring their 
roots, is 
(a) 1 (b) 2 (c) 3 (d) 4 

30. For a, b, c non-zero, real distinct, the equation. 
(a' + b')x' - 2b(a + e)x + b' + C' = 0 has non-zero 
real roots. One of these roots is also the root of the 
equation 
(a) a'x' - a(b - e)x + be = 0 
(b) a'x' + a(e - b)x - be = 0 
(c) (b' + e')x' - 2a(b + e)x + a' = 0 
(d) (b' - e')x' + 2a(b - e)x - a' = 0 

31. If roots of the quadratic equation x' + e - bx are 
two consecutive integers, then b' - 4e equals 
(a) - I (b) 2 (c) 1 (d) 0 

32. If the equation sin4x - (k + 2)sin'x - (k + 3) = 0 
has a solution, then k must lie in the interval 
(a) (-4, -2) (b) [-3,2) 
(c) (-4, -3) (d) [-3, -2] 

33. Number of solutions of the equation 

p -J(X-I)' +J(X-2)' =,[s, is 

(a) 0 (b) 1 
(c) 2 (d) More than 2 

34. Let a, b, e be three real numbers such that a + b + e = 0 
and a' + b' + e' = 2. Then the value of (a4 + b4 + e4) is 
equal to 
(a) 2 (b) 5 (c) 6 (d) 8 

35. A solution of the equation 4x + 4·6x = 5.9x is 
(a) - 1 (b) 1 (c) 2 (d) 0 

36. Consider two quadratic expressions fix) = ax" + bx + e 
andg(x) = a"o + px + q, (a, b, e,p, q E R, b '" p) such that 
their discriminants are equal. If fix) = g(x) has a root x = 

a, then 
(a) a will be A.M. of the roots of f(x) = 0 and 

g(x) = 0 
(b) a will be A.M. of the roots off(x) = 0 
(c) a will be A.M. of the roots of f(x) - 0 or 

g(x) = 0 
(d) a will be A.M. of the roots of g(x) = 0 

37. Consider the two functionsf(x) = x' + 2bx + 1 and 
g(x) = 2a(x + b), where the variable x and the constants a 

and b are real numbers. Each such pair of the constants 
a and b may be considered as a point (a, b) in an ab

plane. Let S be the set of such points (a, b) for which the 
graphs of y = f(x) and y = g (x) do not intersect (in the 
xy - plane.). The area of Sis 
(a) 1 (b) rr (c) 4 (d) 4rr 
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38. The polynomial P(x) = i' + ax' + bx + c has the 
property that the mean of its zeroes, the product of its 
zeroes, and the sum of its coefficients are all equal. If the 
y-intercept ofthe graph of y = P(x) is 2, then the value of 
b is 
(a) - 11 (b) - 9 (c) - 7 (d) 5 

39. A quadratic equation, product of whose roots 
Xl and x, is equal to 4 and satisfying the relation 

Xl + Xl = 2 is 
Xl -1 x2-1 

(a) x' - 2x + 4 = 0 
(c) x ' + 2x + 4 = 0 

(b) x'- - 4x + 4 = 0 
(d) x' + 4x + 4 = 0 

40. Number of values of x satisfying the pair of 
quadratic equations x'- - px + 20 = 0 and x'- - 20x + P = 0 
for some p E R, is 
(a) 1 (b) 2 (c) 3 (d) 4 

SOLUTIONS 

1. (d): Let log3n = x 
:. y = 5x'- - 12x + 9 

. .. b 12 6 
Ylsmmtillum at x = -- = - = -

2a 10 5 

6 
Here log3n = - => n = 36/5 - 3.70 

5 
which is not natural. Hence 
minimum occurs at the closest 

integer. Now 4 > 36/5 

=> 45 > 36 

, 
, , 
, 
, 

=> 1024 > 729, which is true o 3 36/5 4 

2. (e): If roots of equation x' + px + q = 0 are a and 
~, then a + ~ = -p and a~ = q 
and if roots of equation x' + px - r = 0 are y, 0 then 
y + 0 = - p, yo = - r 
Now, (a - y) (a - 0) = a ' - (y + o)a + yo = a ' + pa - r 
= - (q + r) {". a ' + pa + q = 0 => a 2 + pa = - q}, 

3. (b): a + ~ = - 3; a~ = 1. 
a ' + 3a + 1 = 0 and ~' + 3~ + 1 = 0, where 
a' = - (3a + I) and ~'= -(3~ + 1) 

a' ~2 a2 ,,2 
Let E = + = + _-,-" _-=-

(1+~)2 (a+l)2 1+2~+~2 1+2a + a2 

- (3a + 1) - (1 + 3~) 
+ 

-~ -a 

= 1+ 3a + 1+ 3~ = a(1+ 3a) + ~(1+ 3~) (as a~ = 1) 

~ a a~ 
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= 3(a' + ~2) + (a + ~) = 3(9 - 2) + (- 3) 

= 21 - 3 = 18. 

4. (b): If roots are real and distinct, then I'!. > 0 
:. For equation x2 + 6x + a = 0, 

36 - 4a > 0 or a < 9 ... (i) 

Also, a - ~ < 4 => (a - ~)2 < 16 

=> (a + W - 4a~ < 16 
=> 4a > 20 => a > 5, 

5 . (d): cot4x - 2(1 + cot' x) + a' = 0 

=> cot4x - 2 cot' x + a2 
- 2 = 0 

=> (cot2x - I)' = 3 - a' 
To have atleast one solution 3 - a' > 0 

=> a' - 3 < 0 => a El-J3,J3] 
Integral values of a are - 1, 0, I 

:. Required sum = 0, 

6, (b): 4x'- - 4(5x + 1) + p' = 0 
=> 4x2 - 20x + (p2 - 4) = 0 

Now, two roots are cr, ex. + 2 

20 5 3 
:, 2a+2= - =5 => a+l= -

4 2 
=> a=-

2 

and 
, 4 

a(a+2)=P -
4 

3 
=> -

2 

3 
- +2 
2 

3 7 p' 4 
=> - '- - - => 21=l-4 

2 2 4 

=> p' = 25 => P = + 5 

7. (e): Let the common root be a 
:. (1 - 2k)a' - 6ka - 1 = 0 

and ka' - a + 1 = 0 

a' a 
=> - -- -

1 

-6k-l -k-(l-2k) - (l - 2k)+6e 

a 2 a 1 - -- -
- (6k + 1) k - I 6e+2k-l 

2 -(6k+l) k-l 
==> ex. = (X= 

6k2 + 2k -1' 6k' + 2k-I 

=> (k - 1)' = - (6k + 1) (6k' + 2k - 1) 
=> - k' + 2k - I = 36k3 + 12k' - 6k + 6k' + 2k - 1 

=> 36k3 + 19k' - 6k = 0 => k (36k' + 19k - 6) = 0 
k", 0 :, 36k' + 19k - 6 = 0 

=> 36k' + 27k - 8k - 6 = 0 
=> 9k(4k + 3) - 2 (4k + 3) = 0 
=> (4k + 3) (9k - 2) = 0 

=> k= - 3, k=2 
4 9 





'i3-2 ('i3+2) 
:. cos2x) = "'0 and cos2x, = _ _ "-'---c

u
,----_ 

9 9 

Now from 2nd equation, 

acos'2x + bcos2x - I = 0 
I 

:. cos2x) 'cos2x, = --
a 

1 I 
• 
•• - - -

13-4 

81 
= -- => a=9 

a 9 

b b 
and cos2xl +cos2x2 = - -;::; - 

a 9 

• 
• • 

9 9 

:. a + b = 13. 

18. (c) : Let 2x = t, then 

t' + (k - 3)t + (k - 4) = 0 

=> t= -(k-3)±J(k-3)' -4(k-4) 

2 

=> t= -(k-3)±(k-5) => t= -2k+8 => t=-k+4 
2 2 

:. x is non positive, then x < 0 
:. 0 < 2x < I 
=> 0 <-k + 4<1 => 3<k < 4 
:. Largest integral value of k is 3. 

19. (c) : x3 - 2x' + 4x + 5074 = (x - r, )(x - r2)(x - r3) 

Put x = - 2 
:. - 8 - 8 - 8 + 5074 = - (2 + r))(2 + r,)(2 + r3) 

:. 5050 = - (2 + r,)(2 + r, )(2 + r3) 
or (2 + r))(2 + r, )(2 + r3) = -5050. 

20. (d) : log, a + log, 13 = - 4; log, a· log, 13 = - 1 

log, a log, 13 
Now log~ a + loga 13 = + :--==--

log, 13 log, a 

_ (log, a)' + (log, 13)' 
-

log, a ·Iog, 13 

= - [(log2a + log,13) ' - 21og, a . log,13] 
= - [16 +2] = - 18 

21. (d) : f(x)=(2+b+b')x'-2v1z(2b+l)x+8 

. I ff() -D -[8(2b+li -32(2+b+b')] 
Mm va ue 0 x;::;;::; 2 

4a 4(b +b+2) 

56 
=> m(b)= -c:----

4(b' +b+2) 
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Maximum value of m(b) is obtained, when minimum 

value of b' + b + 2 is obtained. 

Minimum value of b' + b + 2 

-I' / -1 
- - + -

I I 7 
+2= _ - _ +2= _ 

2 , 2 

:. Maximum value of m(b) = 56 = 8 
7 

4x-
4 

22. (d) 

23. (b): x' - 1088x + 295680 = 0 

4 2 4 

Let a and 13 be the the roots of given equation . 

Also let a = 16k, and 13 = 16k2 

(As H.C.F. of roots is 16) 

Now, a13 = (H.C.F (a , 13)) (L.C.M (a, 13)) 

=> 295680 = 16(L.C.M. (a, 13)) 

295680 
=> L.C.M (a, 13) = = 18480 

16 

24. (d): Using R.M.S. > AM in a, b, c, we get 

a' +b' +c' > a+b+c 

3 3 

=> f',>a+b+c => a+b+c<,J3 

25. (b): The given equation is xl - (4a + 3)x + 3a(a + 3) 

Now, f(l) < 0 andf(3) < 0 

I 3 
/ 

=> (I - 3a) (I - a - 3) < 0 

=> I - a - 3 - 3a + 3a' + 9a < 0 

=> 3a2 + 5a - 2 < 0 => 3a2 + 6a - a - 2 < 0 

=> 3a(a + 2) - (a + 2) < 0 

=> (a + 2 ) (3a - 1) < 0 

Again, (3 - 3a) (- a) < 0 => (a - I)a < 0 

r r r 1 
- 2 1/3 0 I 

=> o < a < I 
/ I ' 

Hence. aE 0,-
, 3 / 

26. (a) : Let n, n + I, n + 2 are the roots of the given 

equation. 

:. Sum = 3(n + I ) = - a 



=> a' = 9(n + I)' ... (i) 

Let sum of the roots taken 2 at a time = b 
:. n(n + I) + (n + I)(n + 2) + (n + 2)(n) + I b + I 

(adding I on both sides) 

=> n' + n + n' + 3n + 2 + n' + 2n + I = b + I 

=> b + I = 3n' + 6n + 3 = 3(n + I)' 

a2 

=> b + I = 3(n + I)' = -
3 

• 
• • 

27. (e) : Given, x3 + 4x - 8 = 0 

Let y = x7 + 64x' 

= x 4 (x3 +4x-8) - 4xs + 8x4 + 64x' 
, I 

" zero 
= - 4xs + 8x4 + 64x' 

= -4x2 (x3 +4x-8) . + 8x4 + 16~ + 32x' 
, I 

" zero 

= 8x4 + 16~ + 32x' 

=8x(x3 +4x-8) + 16x3 + 64x 
\ . 

" zero 

= 16(x3 + 4x - 8) + 128 = 128 
, I 

" zero 

[Using (i)] 

28. (b): Ltana=p, Ltana·tan~=O, ntana=r 

Now, sec'a·sec'~·sec"y 

= (I + tan' a)(1 + tan'~)(1 + tan"y) 

= 1+ L (tan' a) + L(tan' a·tan' ~)+tan' a· tan'~· tan' y 

Now, L tan' a =( L tana )2 -2L tana·tan~= l 

L tan' a ·tan' ~ = ( L tana·tan~ f 
- 2 tan a· tan ~ . tan y ( L tan a ) 

= 0 - 2rp 

Also, n tan' a = r' 
:. n sec' a = I + p' - 2rp + r1 = 1 + (p - r)' 

29. (e) : a~ = a'~' ... (1) 
anda'+~' = a+~ ... (2) 

Hence a~(i - a~) = 0 => a = 0 or ~ = 0 or a~ = I 

If a = 0, then from (2) , ~ = 0 or ~ = I 
=> Roots are (0, 0) or (0, I) 

If ~ = 0, then a = 0 or a = I 
=> Roots are (0, 0) or (I , 0) 

I ,I I 
If ~ = _ , then a + = a+_ 

a a' a 

I 
==> a+_ 

a 
I 

-2 = a+_ 
a 

Hence, t' - t - 2 = 0 

=> (I - 2)(1 + I) = 0 => t = 2 or 1 = -I 

If t = 2 => a = I and ~ = I, if 1 = - I, then roots are 

imaginary (w or w' ) . 

30. (b) : Let a, ~ are the roots of the given equation. 

. _ 2b(a+e)+ J4b'(a+c)' -4(a' +b')(b' +e') 
.. a,~ - ----'----,---.....,-------

2(a'+b2
) 

_ b (a +c) ±J b' (a'+2ac+e')-(a'b' +a'c' +b4 +b'c') 

a' +b' 

_ b (a+e) ± J - (b4 
- 2ifae + a2 e') 

a' + b' 

_ b (a+e) ± ~- (b' - ae)' 

a' + b' 

In order that roots may be real D > 0 => D = 0 

=> b' - ae = 0 => b' = ae 

Hence roots are co-incident and equal to 

b (a+e) b 
--,;--- = - which satisfies B. 
a2 + ac a 

31. (e) : We have, x' - bx + e = 0 

Let the roots are a and a + I 

:. Sum of roots = 2a + I = b 

Product = a(a + I) = e 
From (i) , a = (b - 1)/2 

Put the value of a in (ii), we get 

b-I' b-I 
=> + =e 

2 2 

=> b' - 2b + I + 2b - 2 = 4e => b' - 4e = I 

, (k+2) +J(k+2l'+4(k+3) 
32. (d): sin x=---'------

2 

_ (k+2) ±Jk'+8k+16 _ (k+2) ±(k+4) 
- -

2 2 

=> sin'x = k + 3 or - I (rejected) 
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=> 0 < k + 3 <I => -3 < k < -2 

33. (c) : Ixl - Ix - II + Ix - 21 ~ J5 
For x > 2, x - (x - I) + x - 2 ~ J5 
=> x~I+J5 

For 1 <x < 2, x - (x - 1) + (2 - x) ~ J5 
3-x~J5 

(No solution) 

For 0 <x < I, x - (I - x) + 2 - x ~ J5 
=> x ~ J5 -I (No solution) 

For x < 0, -x - (1 - x) + 2 - x ~ J5 
=> x~I-J5 

Hence, x~J5+1 or x~I-J5 

34. (3) : Given, a + b + c ~ 0 

anda' + b' + c' ~ 2 

=> (a' + b' + c')' ~ 4 

=> a4 + b4 + c4 + 2[a'b' + b'c' + c'a'] ~ 4 
Leta4+b4+e4 ~E 

Hence, E + 2[(ab + be + cal' - 2abc(a + b + c)] ~ 4 

:. E + 2(ab + be + cal' ~ 4 ... (i) (As a + b + c ~ 0) 

Again, (a + b + c)' ~ 0 => ~a' +2~ab~0 
=> 2 + 2(ab + be + cal ~ 0 

=> ab + be + ca ~ -1 
:. From (i), E + 2 ~ 4 

:. E ~ 2 

35. (d) : 4X + 4·6X ~ 5·9X 

4 x 9 
x 

2 
x 

3 
x 

=> +4~5 - => +4 ~ 5· 
6 6 3 2 

2 
x 

I t2 + 4t - 5 ~ 0 Let - ~t , then t+4~5 => 
3 t 

=> (t + 5)(t - I) ~ 0 

=> t", -5 (As t can't be negative) 

2 
x 

• t ~ I => ~I • • => x ~ 0 is the solution. 
3 

36. (3) : aa' + ba + c ~ aa' + pa + q [": f(a) ~ g(a)] 
q-c ... (i) 

:. a~ 7--
b-p 

A.M. of roots of f(x) ~ 0 and g(x) ~ 0 is 

-bla-pla b+p 
-----'--~ - (Number of roots is 4) 

4 4a 
Since it is given that discriminants are equal 
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:. b' - 4ac ~ p' - 4aq 

=> b' - p' ~ 4ac - 4aq 

b+p c-q 
-:--~ ~-a 

4a b- p 
[From (i)] 

:. a ~ A.M. of roots of f(x) ~ 0 and g(x) ~ 0 

37. (b): We need x' + 2bx + I ~ 2ax + 2ab not to 

have any real solutions, implying that the discriminant 

is less than or equal to zero. Actually calculating the 

discriminant and simplifying, we get a' + b' < I , which 

describes a circle of area 1t in the ab plane] 

38. (3) : The y-intercept is at x ~ 0, so we have c ~ 2, 

meaning that the product of the roots is -2. We know 

that a is the sum of the roots. The average of the roots 

is equal to the product, so the sum of the roots is -6, 

and a ~ 6. Finally, I + a + b + c ~ -2 as well, so we 

have I + 6 + b + 2 ~ - 2 => b ~ -11 

4 
39. (3) : Given, Xl X, ~ 4 => x,~

XI 

Consider _X..!,I"O + x, ~ 2 
xl-I x,-I 

4 

=> 
x X 

--,-I -:: + I ~ 2 => 
x -I 4 

I - -I 
Xl 

=> 4xI - XI' + 4xI - 4 ~ 2(xl - 1) (4 - XI) 

=> XI' - 2xI + 4 ~ 0 => x' - 2x + 4 ~ O. 

40. (c) : x' - px + 20 ~ 0 

and x' - 20x + P ~ 0 

If P ~ 20, then both the quadratic equations are identical. 

Hence, x ~ 10 + ifs 

or x ~ 10 - ifs satisfy both. 

If p '" 20, then x' - px + 20 ~ x' - 20x + P 
=> (20 - p)x + (20 - p) ~ 0 

=> x~-landp~-21 

Hence, there are 3 values of x 

i.e., {1O+ifs, 10-ifs ,-I} 

~~ 



Equation of circle . 
Let C(h, k) be the centre of the circle and Cpr = r) be the radIUs 
of circle, then equation of circle is 

(x - h)2 + (y - k) 2 = r' ... (i) 
Now, if origin (0, 0) be the centre of 
circle, then eq. (i) becomes, 

x2 + y2 = r 2 ... (ii) 
The area of the circle is given 
by 1[r' sq. unit. 

y 

r P(x,y) 

C(h, k) 

General Equation of Circle x 
The general equation of second degree may represents a circle, 
if the coefficient of x2 and coefficient of I are identical and 
the coefficient of xy becomes zero. i.e.) 

ax' + by' + 2hxy + + 2gx + 2fy + c = 0 ... (i) 
represents a circle, if (a) a = b i.e.) coefficient of x2 = coefficient 
of y' and (b) h = 0 i.e., coefficient ofxy = 0, then Eq.(i) reduces 
as, x 2 + l + 2gx + 21y + c = 0 whose centre and radius are 

(-g, -j) and J g2 + f2 - c respectively. 

• Equation of circle in diameter form 
Let A(x " y,) and y 
B(x2, Y2) be the end points P(x, y) 
of a diameter of the given 
circle and let P(x, y) be 

any point on the circle. 
:. From figure, LAPB 
= 90° 
:. Slope of AP, 

m, = y - y, and slope of BP, m, = 
x-x] 

For perpendicular, mi' mz = - 1 
:. Ap·BP = -1 

=> y- y, y- y, =-1 

y- 12 

=> (x - x,)(x - x2) + (y - y,)(y - Y2) = 0, 
which is the required equation of circle in diameter form. 

Equation of circle in different cases : 
• Case I; When the circle passes 

through the origin (0, 0) : Let the 

equation of circle be 

(x - h)' + (y - k)' = ,.z .... (i) 

.: It passes through origin (0, 0) 

:. h' +k'= r' 

Y 

C(h, k ...... 

• 
• 

~'7M~x 

• , 

.. 4 

• 
FOR 

.'. Equation (i) becomes, 
(x - h)' + (y - k)' = h2 + k' 
=> x'+h2 _ 2hx+y' - 2ky+k2=h'+k' 
=> x' + y' - 2hx - 2ky = 0 

• Case II : When the circle touches x-axis: 
Let the centre of circle be Y 
C(h, k), and it touches x - axis 
at pOint P, then the radius of 
circle is CP = Ikl 
.'. Equation of circle is 
(x - h)' + (y _ k)' = (CP) ' = k' 
or x' + l' - 2hx - 2ky + h2 = 0 

• Case III : When the circle touches y -axis: 
Let the centre of circle be C(h, k) and Y 
it touches y-axis at point 
P, then the radius CP = Ihl 
.'. Equation of circle is 

Ii 
C(>,k 

(x - h)2 + (y _ k) 2 = (CP) ' = h2 

or x' + y' - 2hx - 2ky + k2 = 0 0'------

• Case IV : When the circle touches both axis: 
In this case Ihl = Ikl = a. 
Then the equation of circle is 
(x - h)2 + (y - k)' = r' where, Ihl = Ikl = Irl = a 
:. (x + a)' + (y + a)' = a ' 
or x2 + y2 + 2ax + 2ay + 0;2 = 0 

Position of a point with respect to a circle 

x 

x 

Let C(h, k) be the centre and r be the radius of the circle and 

P(a, b) be any point in the plane of the circle, then three 

cases arises i.e., 

• Case I : Let 'P' lies outside 
the circle, then equation of 
circle is 
(a - h)' + (b - k) ' > r' 

• Case II : Let point 'P' lies on 

the circle, then equation of 

circle is 

(a - h)2 + (b - k) 2 = ,.z 

• Case III : Let point 'P' lies 

inside the circle, then equation 

of circle is 

(a - h)' + (b - k) ' < r' 

r 

C(1i, k) 

C(h, k) 

Q 
p(a. b) 

Pta, b) 

r "" ~' 
~ 

C(h,k) 
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Equation of circle in parametric form 
• Case I : Let P(x, y) be any point on the circle 

x2 + 1 ~ r', then from fig. LMOP ~ 8. On resolving the 

• 

components, we get y 

x ~ OM ~ rcos8 .... (i) 

and Y = PM = rsin8 .... (ii) 
Here eqs. 0) and (ii) are the 
required parametric form of 
the circle x2 + T =- f1, where 
'8' is a parameter. 

Case II : Parametric form 
of equation of circle, if 
(h, k) is the centre and r being 
the radius is 

x=h + reose, 
y = k + rsine. 0 < e < 2n 

where e being the parameter. 

x' 

Y 

x 

y' 

x 

The least and greatest distance of a point from a circle 
Let S ~ 0 be a circle and A(xl> YI) be Q 
a point. If the diameter of the circle 
is passing through the circle at P and 
Q, then AP = AC - r = least distance. 
AQ = AC + r = greatest distance where 
r is the radius and C is the centre of circle. 

A(xpYI) 

Condition of tangency 
• A line L = 0 touches the circle S = 0, if length of 

perpendicular drawn from the centre of the circle to the 
line is equal to radius of the circle i.e. , p = r. This is the 
condition of tangency for the line L = O. 
Circle x2 + y2 = a2 will touch the line Y = mx + c if 

c=+aJl+rn2 

(a) If a 2(1 + rn 2) - c2 > 0 line will meet the circle at 
real and different points. 
(b) If c2 ~ a2(I + tn 2) line will touch the circle. 
(c) If a2( I + m 2) - ,2 < 0 line will meet circle at two 
imaginary points (i.e. will never meet the circle). 

Equation of tangent and normal 
• Equation of tangent: The equation of tangent to the 

circle X' + 1 + 2gx + 2/y + c ~ 0 at a point (Xl> YI) is 

• 

• 

XXI + YYI + g(x + XI) + /(y + YI) + c ~ 0 
or T~O 

The equation of tangent to circle x2 + y2 = a 2 at point 

(Xl,Yl) is XXI + YYl = a2. 

Slope form: From condition of tangency for every value 

ofrn,theline y=mx+aJl+rn2 is a tangent of the circle 

X2 + y2 = a2 and its point of contact is 

+am ±a 

Jl+ tn2 ' Jl+ tn 2 

Equation of normal: Normal to a curve at any point 
P of a curve is the straight line passing through P and 
is perpendicular to the tangent at P. The equation of 
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normal to the circle X! + y2 + 2gx + 2/y + c = 0 at any point 

. YI + / 
(xI,YI) IS Y- Yl = (x-xl) 

Xl + g 

• Length of tangent : From any paint, say P(Xl' Yl) 
two tangents can be drawn to a circle which are real, 
coincident or imaginary according as P lies outside, on 
or inside the circle. 
Let PQ and PR be the two tangents drawn from 
P(XI' YI) to the circle x2 + 1 + 2gx + 2/y + c ~ O. Then 
PQ = PR is called the length of tangent drawn from paint 
P and is given by 

~~~----
PQ ~ PR ~Jx; + Y; +2gxI +2JYl +c ~js; 

IT, Q 

R 

• Pair of tangents : From a given external point P(Xl' Yl) 
two tangents PQ and PR can be drawn to the circle, 
S ~ X' + y' + 2gx + 2/y + c = o. 
Their combined equation is 5S 1 = y 2, where 
5 = 0 is the equation of circle, T = 0 is the equation of 
the tangent at (XI' YI) and Sl is obtained by replacing x 
by Xl andyby YI in S. 

Director circle 
The locus of the point of intersection of two perpendicular 
tangents to a circle is called the Director circle. Let the circle 
be X2 + I' = a2, then equation of pair of tangents to a circle 
from a paint (Xl' Y\) is 
(x2 + 1- a2)(xf + Yf - a2) = (XXI + YYI - a2)2 
If this represents a pair of perpendicular lines then coefficient 
of x2 + coefficient of y2 = 0 
. (2 2 2 2) (2 2 2 2)-0 I.e., Xl + Yl - a - Xl + Xl + Yl - a - Yl -

2 2 2 
~ Xl + Yl = 2a 

Hence the equation of director circle is x2 + r = 2a2. 

Obviously, director circle is a concentric circle whose radius 

is J2 times the radius of the given circle. 
Director circle of circle xl + I' + 2gx + 2/y + c = 0 is 

x2 + 1 + 2gx + 2/y + 2c - g' - l' ~ 0 

Chord of contact 
The chord joining the two 
points of contact of tangents 
to a circle drawn from any 
external point A is called 
chord of 

contact of A with respect 

c 

B 

to the given circle. Let the given point is A(XI. y\) and the 
circle is S = 0 then equation of the chord of contact is 
T= XXI + YYI + g(x + XI) + fly + YI) + C = 0 ... (i) 
Note: (i) It is clear from the above that the equation of the 
chord of contact coincides with the equation of the tangent, 
if the point (xl' Yl) lies on the circle. 



(ii) The length of chord of contact = 2Jr' _ p2 

( 2 2 2)3/2 
(iii) Area of 6.ABC = a Xl + YI - a 

2 2 
xl + YI 

Equation of a chord whose middle point is given 
We have the circle x 2 + y2 = a2 and middle point of chord is 

P(XI' YI)' 

Slope of the line OP =.:!'!.; slope of AB = 
xl 

So equation of chord is 

xl 
Y- YI =-_(X-XI ) 

X, 
-

Q 
, 
• 
• Y1 

2 2 
or XXI + YYl = Xl + Yl 

A---'. ~':::::; 
P(XI' YI )"><-

--8 

which can be represented by T = S [. 

Common chord of two circles 
The line joining the points of intersection of two circles is 
called the common chord. If the equation of two circles is 

51 ::::: x 2 + y2 + 2g\x + 2f! y + Cl = 0 

52 = x2 + y2 + 2g2x + 212 Y + (2 = 0 

then equation of common chord is 

51 - 52 = 0 => 2x(gl - g2) + 2Y(/1 - f,) + CI - C, = 0 
The length of the common chord is 

zJrJ
2 

- p~ = ZJr2
2 

- p~ 
where P I and pz are the length of perpendicular drawn from 
the centre to the chord. 

Angle of intersection of two circles 
The angle of intersection between two circles S = 0 and S = 
o is defined as the angle between their tangents at their point 
of intersection. If 

5 = xl + Y' + 2glx + 2flY + CI = 0, 
5' = x' + l' + 2g2x + 2flY + C, = 0 

are two circles with radii rl' r2 and d be the distance between 
their centres then the angle of intersection e between them 
is given by 

• Condition of orthogonality: 
If the angle of intersection of 
the two circles is 900 then such 
circles are called orthogonal 
circles and condition for 
orthogonal circles and 
condition for orthogonality is S = 0 S' = 0 
2g1g2 + 2fd2 = CI + C2' When 
the two circles intersect orthogonally then the length 
of tangent on one circle from the centre of other circle 
is equal to the radius of the other circle, 

Power of a point with respect to a circle 
The power of a pOint P(x], YI) with respect to the circle xl + 
l' + 2gx + 2fy + C = 0 is 51 where 

'2 1; 51 =XI + YI +2gx] +2 Y1 =0 

Radical axis 
The radical axis of two circles is the locus of a point which 
moves such that the lengths of the tangents drawn from it to 
the two circles are equal in length. 
Some properties of the radical axis are as follows: 

• The radical axis and common chord are identical 
: Since the radical axis and common chord of the 
two circles 5 =:: 0 and 5' ::= 0 are the same straight line 
S - S' =:: 0, they are identical. The only difference is that 
the common chord exists only if the circles intersect in 
two real pOints, while the radical axis exists for all pair of 
circles irrespective of their position. 

Radical axis Common tangent 

/ .:;;::---...." 
• • • • 

'-CI ./ C2 
C2 

Non-intersecting circles Touching circles 

Common chord 

• 
C2 

Intersecting circles 

The position of the radical axis of the two circles 
geometrically is shown below: 

P(XI'YI) 

C2 

S' = 0 
From Euclidean geometry, (PA) ' = PR· PQ = (PB)' 

• The radical axis is perpendicular to the straight line which 
joins the centres of the circles. 
Consider, 5 = x2 + y' + 2gx + 2fy + C = 0 ... (i) 
and 51 = x' + y' + 2g1x + 2f1Y + CI = 0 •.. (ii) 
Since CI = (-g, -j) and C2 = (-gl' -/J) are the centres of 
the circles (i) and (ii) , then slope of 

-fl+f f-fl 
CIC, = = = ml (say) 

-gl+g g-gl 

Equation of the radical axis is 
2(g - gJlx + 2(/- fl)Y + C - CI = 0 

Slope of radical axis is -(g - gl) = m
2 

(say) 
f - fl 

.: m1m2 =:: - 1 
Hence C1 C2 and radical axis are perpendicular to each 
other. 
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• The radical axis bisects common tangents of two • 
circles: Let AB be the common tangent. If it meets the 
radical axis LM at M. then MA and MB are two tangents 
to the circles. Hence MA = MB since lengths of tangents 
are equal from any point on radical axis. Hence radical 
axis bisects the common tangent AB. 

M 

C, 

:T 
,--, : 

r---

c; C, A 

If the two circles touch each other externally or internally, 
then A and B coincides. In this case the common tangent 
itself becomes the radical axis. 

• The radical axis of three circles taken in pairs are 
concurrent: Let the equation of three circles be 

5] =x' + y' +2g]x+2/]Y+c] =0 ... (i) 

5:J =x2 + l +2g2x+2j2Y+C2 =0 ... (ii) 

S3 = x 2 + l +2g3x+2j3Y+C3 =0 ... (iii) 

The radical axis of the above three circles taken in pairs 
are given by 
5] - 5, = 2x(g] - g,) + 2y(f] - I,) + c] - c, = 0 ... (iv) 

52 -5, =2x(g, - g,)+2y(f, - I,)+c, -c, =0 ... (v) 

5,-5] =2x(g,-g])+2y(f,-/])+c,-c] =0 ... (vi) 

Adding (iv), (v) and (vi), we find LH5 vanished identicaUy. 
Thus the three lines are concurrent. 

• If two circles cut the third circle orthogonally, then the 
radical axis of the two circles will pass through the centre 
of the third circle. 

OR 
The locus of the centre of a circle cutting two given 
circles orthogonally is the radical axis of the two circles. 

Let 5] =x' + y' +2g]x+2/]y+c] =0 ... (i) 

52=x'+/+2g,x+2/2Y+c2 =0 ... (ii) 

5,=x2+/+2g3x+2/,y+c3 =0 ... (iii) 
Since (i) and (ii) both cut (iii) orthogonally 
: . 2g ,g, + 2/,/, = c] + c, 
and 2g, g, + 2j,j, = c, + c, 
Subtracting, we get 
2g, (g] - g2) + 2j,(/] - j,) = C, - c, ... (iv) 
Now radical axis of (i) and (ii) is 
5] - 5,=0 or2x(g] - g, ) + 2y([] - j,) H ]- C, = 0 
Since it will pass through the centre of (iii) circle 
: . - 2g3(g, - g2) - 2j,([] - j,) + C, - c, = 0 
or 2g3(g, - g, ) + 2j,([, - j,) = C, - c, ... (v) 
which is true by (iv) . 

Some important results to remember 
• If two conic sections 

alx
2 + 2hlxy+bly2 +2glx+2jly+cl =0 and 

a,x2 +2h,xy+b2/ +2g2x+2/2Y+c, =0 will 

intersect each other in four concyclic points, if 
a l - bl _ hi 

- - . 
a2 -b2 h2 
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• 

• 

• 

• 

• 

The pOint of intersection of the tangents at the pOints 
P(acosa, asina) and Q(acos~, asin~) on the circle x2 + 
I = a' is 

acos 
a+~ 

asm 
a+~ 

2 2 
, 

a-lf 
cos '" a-• 

SIn , , 2 2 

2LR 
Length of chord of contact is AB = and area 

J(R' +L') 
of the triangle formed by the pair of tangents and its 

2 

chord of contact is RL where R is the radius of the 
R2 + r2 

circle and L is the lengths of tangents from P(Xl' Yl) on 

5 = o. Here L =,j5;. 

R 
-· · · ·.0 , 

L 

Equation of the circle 
circumscribing the 

triangle PAB is 
(x - x])(x + g) + (y - yIl 
(y+j)=O 
where O( - g, -fJ is the 
centre of the circle 
x' + y' + 2gx + 21Y + C = 0 
Family of circles 
circumscribing a triangle 

whose sides are given by 
Ll = 0, L2 = 0 and L3 = 0 is given 
by L]L, + H,L, + ~,L] = 0 
provided coefficient of 
xY = 0 and coefficient of 
x2 = coefficient of T. 
Equation of circle 
circumscribing a 
quadrilateral whose sides 
in order are represented by 
the lines LI = 0, L2 = 0, L3 
= 0 and L4 = 0 is given by 
L]L, + AL 2 L, = 0 
provided coefficient of 

B 

, , 

, 

• , 
• , , , 
, 
• , 

B 

• • • , 

• • • 

, 

--'> ... "O(-g, -
.' .' . , . 

A 

" , ' 
, ' , , 

D 

L = 0 

x2 = coefficient of I and coefficient of xy = O. 
Length of an external common tangent and internal 
common tangent to two circles is given by the length 

of external common tangent Lex =J d2 - (rl - r2)2 and 

length ofinternal common tangent Lin =J d2 
- (r1 + r2 )2 

[Applicable only when d> (r, + r,)] 
where d is the distance between the centres of circles 
and rl and r2 are the radii of two circles. 



• 

• 

The locus of the middle point of a chord of a circle 
subtending a right angle at a given point will be a circle. 

'The length of a side of an equilateral triangle inscribed in 

the circle xl + 1= a2 is aJ3. 
• The distance between the chord of contact of tangents to 

i' + y' + 2gx + 2/y + c = 0 from the origin and the point 

(g j) . I g' + /' - c I 
, IS '-"-F~==C;=' 

2J(g' + /') 

• 

• 

The shortest chord of a circle passing through a point P 
inside the circle is the chord whose middle point is P. 

The length of transverse common tangent < the length of 
direct common tangent. 

• The angle between the two tangents from (xl' Yl) 

to the circle x 2 + y2 = a2 is 2tan-1 

SJ=xJ 2 +y\2-a2, 

PROBLEMS 

a rc ; where 
'151 

1. The equation of the circle of radius 5 in the first quadrant 
which touches x-axis and the line 4y = 3x is 
(a) x' + l' - 24x - Y - 25 = 0 
(b) x' + y2 - 30x - lOy + 225 = 0 
(c) x' + y' - 16x - IBy + 64 = 0 
(d) x'+y'-20x-12y+ 144=0 

2. Find the equation of the circle which passes through the 
point of intersection of the lines 3x - 2y - 1 = 0 and 4x + y - 27 
= 0 and whose centre is (2, -3). 

(a) (x-2)'+(y+3)' =(JI09)' 

(b) (x + 2)' - (y - 3)' = ( 109)' 

(c) (x-2)'-(y+3)2 =(JI09)' 

(d) (x-2)'-(y-3)' = (J I09)' 

3. If8 is the angle between the tangents from (-I, 0) to the 
circle x2 + y2 - 5x + 4y - 2 = 0, then e is equal to 

7 7 
(a) 2tan- 1 (b) tan- l 

4 4 

(c) 
7 2cot- 1 _ 

4 
(d) 

4 

4. The centre of a circle is (2, -3) and the circumference is 
IOn. Then the equation of the circle is 
(a) x' +y'+4x +6y+ 12=0 
(b) i'+1'-4x+6y+12=0 
(c) i' + l' - 4x + 6y - 12 = 0 
(d) x'+y'-4x-6y-12=0 

5. The equation of the ci rcle which passes through 
the intersection of x2 + y2 + 13x - 3y = 0 and 
2xl + 21 + 4x - 7y - 25 = 0 and whose centre li es on 
13x+ 30y= 0 is 
(a) x'+1'+30x- 13y-25=O 
(b) 4i' + 41' + 30x -13y- 25 = 0 
(c) 2i' + 21' + 30x - 13y - 25 = 0 
(d) x' + l' + 30x - 13y + 25 = 0 

6. The equation of the circle on the common chord of the 
circles (x - a)2 + 1 = a2 and x2 + (y + b)2 = b2 as diameter, is 
(a) i' + y' = 2ab(bx + ay) (b) x' + l' = bx + ay 
(c) (a' + b2)(i' + 1') = 2ab(bx - ay) 
(d) (a' + b')(i' + 1') = 2(bx + ay) 

7. If the circles x2 + y2 + 2ax + cy + a = 0 and 
xl + I - 3ax + dy - 1 = 0 intersect in two distinct points P 
and Q then the line 5x + by - a = 0 passes through P and Q for 
(a) exactly one value of a (b) no va lue of a 
(c) infinitely many values of a 
(d) exactly two values of a 

8. To which of the following circles, the line y - x + 3 = 0 

is normal at the point 3 + Jz ' Jz ? 

3' 3' 
(a) x-3- + y- =9 

J2 .J2 
3 ' x- + y-

.J2 .J2 
(b) 

3 2 
=9 

(c) x' + (y - 3)' = 9 (d) (x - 3)' + l' = 9 

9. The equation of the circle which touches both the axes in 
I quadrant and whose radius is a, is 
(a) i' + l' - 2ax - 2ay + a' = 0 
(b) x' + l' + ax + ay - a' = 0 
(c) i' + l' + 2ax + 2ay - a' = 0 
(d) x' + l' - ax - ay + a' = 0 

10. The equation of pair of tangents drawn from the point 
(0, I) to the circle x' + y' - 2x+4y = 0 is 
(a) 4i' - 4y' + 6xy + 6x + 8y - 4 = 0 
(b) 4i' - 41' + 6xy - 6x + By - 4 = 0 
(c) x' - l' + 3xy - 3x + 2y - I = 0 
(d) i' - y' + 6xy - 6x + By - 4 = 0 

11 . The equation of the ci rcle which passes through points 
of intersection of circles x2 + I + 4x - 5y + 3 = 0 and x 2 + I 
+ 2x + 3y - 3 = 0 and point (-3, 2) is 
(a) x' + l' + Bx+ 13y- 3 = 0 
(b) 4i'+41'+13x -By+3= 0 
(c) x'+1' -1 3x-By+3=0 
(d) i' + l' - 13x + By + 3 = 0 

12. Tangents are drawn to the circle x2 + I = 9 at the points 
where it is met by the circle x2 + I- + 3x + 4y + 2 = O. The point 
of intersection of these tangents will be 

B 13 27 36 
(b) --,--

II II 
(a) -,-

11 11 

(c) 
4 

II II 
, I 

3 (d) 
27' 36 
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13. Suppose that two circles C1 and C2 in a plane have no 
points in common. Then 
(a) there are exactly two line tangent to both C1 and C2 

(b) there are exactly 3 lines tangent to both C I and C2 
(c) there are no lines tangent to both C1 and C2 or there are 

exactly two lines tangent to both C1 and C2 

(d) there are no lines tangent to both C1 and C2 or there are 
exactly four lines tangent to both C I and C2 

14. The equation of the circle which passes through the 
origin and cuts orthogonally each of the two circles Xl + 1-
6x + 8 = 0 and x' + y' - 2x - 2y - 7 = 0 is 
(a) 3x' +31'-8x-13y=0 
(b) 3x' + 3y2 - 8x + 29y = 0 
(c) 3x' + 3y' + 8x + 29y = 0 
(d) 3x' + 3y' - 8x - 29y = 0 

15. For the two circles x' + l' = 16 and x' + l' - 2y = 0 there 
is/are 
(a) one pair of common tangents 
(b) only one common tangent 
(c) three common tangents 
(d) no common tan gent 

16. Find the equation of the circle passing through the point 
(2, 1) and touching the line x + 2y - I = 0 at the pOint (3, - I ). 
(a) 3(x' + 1') - 23x - 4y + 35 = 0 
(b) x' - l' + 23x + 4y - 35 = 0 
(c) 2x' - 21' - 23x - 4y + 35 = 0 
(d) None of these 

17. If equation x' + l' + 2hxy + 2gx + 2/y + e = 0 represents a 
circle. then the condition for that circle to pass. through three 
quadrants only but not passing through the origin is 
(a) / '>e,g'>e,e> O 
(b) g' > e,f' < e, e > 0, h = 0 
(c) f' > e, g' > e, e > 0, h = 0 
(d) g' < e,f' < c, e < 0, h = 0 

18. The equation of the circle which has a tangent 
2x - y - 1 = 0 at (3. 5) on it and with the centre on 
x + y = 5. is 
(a) x' + y2 + 6x - 16y + 28 = 0 
(b) x'+y'-6x- 16y-28=0 
(c) x' + l' + 6x + 6y - 28 = 0 
(d) x' + l' - 6x - 6y - 28 = 0 

19. The distance from the centre of the circle 
x 2 + I = 2x to straight line passing through the pOints 
of intersection of the two circles Xl + y2 + 5x - By + 1 = 0 
and x' + l' - 3x + 7y - 25 = 0 is 

(a) 1/3 (b) 2 (c) 3 (d) I 

20. Two circles with radii rl and r2(rl > r2 > 2) touch each 
other externally. If e be the angle between the direct common 
tangents, then 

(a) e . -) = SIn 
r1 + r2 (b) e 2' - ) = sIn 

r1 - r2 

r1 - r2 rl + r2 

(c) e .-) = SIn 
r1 - r2 (d) None of these 
r1 + r2 
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21. Ifthe curves aXl + 4xy + 2y2 + X + Y + 5 = 0 and ax2 + 6xy 
+ 51 + 2x + 3y + B = 0 intersect at four concyclic points then 
the value of a is 

(a) 4 (b) - 4 (c) 6 (d) -6 

22. Two perpendicular tangents to the circle 
x 2 + I = a2 meet at P. Then. the locus of P has the equation 
(a) x'+1'=2a' (b) x'+1'=3a' 
(e) x' + l' = 4a' (d) None of these 

23. The area of the triangle formed by the tangents from an 
external point (h, k) to the circle x 2 + 1= a2 and the chord of 
contact, is 

(a) 
I h'+ k'- a2 

_ a ----;~===;, 
2 Jh' +k' 

(b) 
a(h' + k' - a' )3/2 

2(h' + k') 

a(h' + k' _ a' )312 

(h' + k') 
(c) (d) None of these 

24. The locus of a point which moves so that the ratio of the 
length of the tangents to the circles x2 + 1+ 4x + 3 = 0 and x2 

+ l' - 6x + 5 = 0 is 2 : 3, is 
(a) 5x' + 51' + 60x - 7 = 0 
(e) 5x' + 51' + 60x + 7 = 0 

(b) 5x'+51'-60x-7=0 
(d) 5x'+51'+60x+ 12 =0 

25. The circle 51 with centre Ci(al> bl ) and radius r l touches 
externally the circle 52 with centre Cia2. b2) and radius r2' If 
the tangent at their common point passes through the origin, 
then 

(a) 

(b ) 

(e) 

(d) 

(a~ + ai) + (b~ + bi) = rl
2 + r} 

(a; - a~) +(bi - b~ ) = ri -rl' 

( ' b') (2 b' ) , , at - 2 + a2 + 2 =rl +r2 
2 2 2 2 2 (a l -bl )+(a, +b,)=r12 + r, 

26. If two circles, each of radius 5 unit, touch each other 
at (1, 2) and the equation of their common tangent is 
4x + 3y = 10, then equation of the circle a portion of which 
lies in all the quadrants, is 
(a) x' + l' - lOx - lOy + 25 = 0 
(b) x'+1'+6x+2y- 15=0 
(c) x' + l' + 2x + 6y - 15 = 0 
(d) x' + l' + lOx + lOy + 25 = 0 

27. A rhombus is insc ribed in the region common to the 

two circlesx' + l' - 4x - 12 = 0 and x' + l' +4x- 12 = 0 with 

two of its vertices on the line joining the centres of the circles. 

The area of the rhombus is 

(a) 8.[3 sq. units (b) 4./3 sq. units 

(c) 16./3 sq. units (d) None of these 

28. The equations of three circles are given: 
x2 + y2 = I . x2 + y 2 _ 8x + 15 = 0, x2 + I + lOy + 24 = O. 
The coordinates of the point such that the tangents drawn 
from it to three circles are equal in length, are 

5 - 5 
(a) 2 - (b) 2 -, 2 • 2 



(c) 5 -2, _ (d) 
-5 

-2,_ 
2 2 

29. If the tangents are drawn from any point on the line 
x + y :::: 3 to the circle x2 + y2 = 9, then the chord of contact 
passes through the point 
(a) (3,5) (b) (3,3) 
(c) (5,3) (d) None of these 

30. The slope of the tangent at the point (h, h) on the circle 
xl+y'=a'is 
(a) 0 
(c) - I 

(b) I 
(d) dependent of h 

I. (b): Let the centre of circle be (g, 5). 

.'. 
3(g) - 4(5) =5 => 

J3'+ 4' 
3g = 25 + 20 => g = IS 

.'. Equation of circle whose centre is (15, 5) and radius 5 
is (x - 15)' + (y - 5)2 = 5' 
=> x' - 30x + y2 - lOy + 225 = 0 

2. (a): Let P be the point of intersection of the lines AB 
and LM whose equations are respectively 
3x - 2y -I = 0 ... (i) and 4x + y - 27 = 0 .... (ii) 
Solving (i) and (ii), we get x = 5, Y = 7. So, coordinates of P 
are (5, 7).11 is given that C(2, -3) be the centre of the circle. 
Since the circle passes through P, therefore 

CP = radius = J(5 - 2)2 + (7 + 3)2 => radius=.j109 

Hence the equation of the required circle is 

(x-2)2 +(y+3)2 =(,/109)' 

3. (a): We know that, the angle between the two tangents 
from (ex, fl) to the circle x' + y' = r' is 

_, r 
2tan {(: ,,5, 

Let 5 = xl + y' - 5x + 4y - 2 

5
2

2 7 
Here, r = - + (2) + 2 =-

2 2 

At point (-I, 0), 5, = (-1)2 + (0)' - 5(-1) + 4(0) - 2 = 4 

• .. R . d I 8 -, 7/2 -, 7 equHe ang e, = 2 tan r; = 2 tan -
,.,4 4 

4. (c): It is given, centre is (2, -3) and circumference of 
circle = Ian::::::> 2nr = Ian ::::::> r = 5 
:. The equation of circle is (x - 2)2 + (y + 3)2 = 52 
=> x' + y' - 4x + 6y + 13 = 25 
=> x'+y'-4x+6y-12=0 

5. (b): Let the equation of circles be 
5, = x' + y' + 13x - 3y = 0 ... (i) 

and 5, = 2x' + 2y' + 4x - 7y - 25 = 0 ... (ii) 
The equation of intersecting circle is /..5 1 + 52 = a 

2 , ,,7y 25 
=> A(x +y +13x-3y)+ x +y +2x---- =0 ... (iii) 

2 2 

:. Centre= 
(2+ 131..) (7/2) + 31.. 

2(1+ A)' 2(1+ A) 

Centre lies on 13x + 30y = O . .. 
• 

2+ 131.. (7/2)+31.. 
:. -13 +30 _-=-_ 

2 2 
=0 

=> -26- 1691..+ 105+90A =0 => A= 1 
Hence, putting the value of A in (iii), we get required equation 
of circle as 4x2 + 4y' + 30x - 13y - 25 = 0 

6. (c): The equation of the common chord of the circles 
(x - a)' + y' = a' and x' + (y + b)' = b' is 

1=5,-52 = 0 
=> xl +a2 - 2ax+ y' - a'-xl - y' - b2 - 2by+ II' = 0 
=> ax+ by= 0 
Now, the equation of required circle is 51 + AL = a 
:. {(x - a)' + y' - a2} + A{ax + by} = 0 
=> x' + y2 + x(aA - 2a) + Aby = 0 
Since, (i) is a diameter of (ii) . 

:. a _ aA-2a +b _ Ab =0 => 
2 2 

On putting the value of A in (ii), we get 
(a' + b')(x' + y') = 2ab(bx - ay) 

which is the required equation of circle. 

7. (b): 5, - 52 = Sax + (c - d)y + a + I = 0 and 
5x + by - a = a must represent the same line. 
a c-d a+l 

• .. ---
I b -a 

::::::> ab = c - d and a2 + a + 1 = 0 
Thus, a is imaginary so no value of a exists. 

... (i) 

... (ii) 

8. (d): Line must pass through the centre of the circle. 

9. (a): Required equation is (x - a)' + (y - a)' = a' 
::::::> x2 + y2 _ 2ax _ 2ay + a2 = 0 

10. (b): Let 5 = xl + y' - 2x + 4y then 
5, = 0' + 12 - 2 . 0 + 4 . I = 5 
T =x· 0 + y. 1- (x+ 0) + 2(y+ I) = -x+ 3y+ 2 

The equation of the pair of tangents is 55] = T2 
=> (x2 + y' - 2x + 4y)5 = (-x + 3y + 2)' 
=> 4x2 - 4y' + 6xy - 6x + 8y - 4 = 0 

11 . (b) : The equation of circle through the points of 
intersection of given circles is 
xl + y' + 4x - 5y + 3 + A(xl + y' + 2x + 3y - 3) = 0 
Since it passes through point (-3,2) also, therefore 

-6+ IOA = 0 => A=~ 
5 

Hence equation of required circle is 
5x' + 5y' + 20x-25y+ 15+ 3x' + 3y' +6x+ 9y- 9 = 0 
=> 8xl + 8y' + 26x - 16y + 6 = 0 
=> 4xl + 4y' + 13x - 8y + 3 = 0 

12. (b) : Equation of common chord will be 
3x+4y+II=0 ... (i) 

Let the pOint of intersection of the tangents be (a, Pl. 
:. Equation of the chord of contact of the tangents drawn 
from (ex, ~) to first circle will be 

xex+yB=9 ... (ii) 
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Since, (i) and Oi) are identical. 

.3_4 _ _ 11 (")= .. ~~a,1-' 

a ~ 9 

13. (d ) : o or 

- 27 
-;-;- . 

11 

36 

II 

14. (b) : Let required equation of circle be 
x2 + y' + 2gx + 2/y = 0 

Since, the above circle cuts the given circles orthogonally. 
:. 2( -3g) + 2j(0) = 8 => 2g = -8/3 

8 29 
and -2g-2/=-7 => 2/=7+ - = -

3 3 
:. Required equation of the circle is 

8 29 
x 2+/- _ x+ _ y=0 => 3x'+3y'-8x+29y=0 

3 3 
15. (d ) : The centres and radii of given circles are 

C1(0.0). '1=4. C2(0.1). r2= .)0+1=1 

Now. CIC,= J O+(O - I)' =1 andrl - r2= 3. 

:. C t C2 <rl - r2 
Hence, second circle lies inside the first circle, so no common 
tangent is possible. 

16. (a) : Equation of circle is 
(x - 3)2 + (y + 1)2 + A(x + 2y - I ) = 0 

Since, it passes through the point (2, 1). 

• 
• • I + 4 + 1.(2 + 2 - I) = 0 

5 
=> 1.=--

3 

:. Circle is (x-3)'+(y+1)2_
5

(x+2y-I)=0 
3 

=> 3x' + 3y' - 23x - 4y + 35 = 0 

17. (e) : Given circle is 
x2 + y2 + 2hxy + 2gx + 2/y + c = 0 

For (i) to represent a circle, h ;: 0 
So, given circle is xl + y2 + 2gx + 2/y + c = a 

y 

o 
A 

_ x 

For circle (ii) to pass through three quadrants only. 
(I) AB > 0 => g2 - C > 0 
(II) CD > 0 =>!' - c> 0 
(III) Origin should be outside circle (ii). 
:. c> 0 
From (I). (II) and (III ). i > c.j2 > c. C > 0 
:. Required conditions are 

i > C.j2 > c. C > O. h = 0 

... (i) 

... ( ii) 

18. (a) : Clearly, the centre of the circle lies on the line through 
the point (3. 5) perpendicular to the tangent 2x - y - 1 = o. 
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The equation of such line is 
- I 

(y-5)=_(x-3) => x+2y=13 
2 

Also, it is given that centre lies on the line 

... ( i) 

x+y=5 .. . (ii) 
Solving 0) and (ii), we obtain the coordinates of the centre 
of circle as C = (-3. 8) 

Also. radius of the circle = J3 6 + 9 = [45 
:. Equation of the circle is 

(x + 3)2 + (y - 8)' = ([45)2 
=> x2 + y' + 6x - 16y + 28 = 0 

19. (b ) : The equation of the straight line passing through 
the pOints of intersection of given circles is 

(x' + y' + 5x - 8y+ I) - (.0' + 1 - 3x+ 7y- 25) = 0 
=> 8x - 15y + 26=0 ... (i) 
Also. centre of the circle x' + y' - 2x = 0 is ( I. 0). 
:. Distance of the point (1, 0) from the straight line (i) is 
given by 

d = 18(1)-15(0)+261 = 34 = 2 

J 64+225 17 

r - r 
20. (b ): sina= 1 2 => e 2

·-1rl - r2 
= SIn 

r1 + rl r1 + rl 

2 1. (b): Any second degree curve passing through the 

intersection of the given curves is 

axl + 4xy + 21 + x + y + 5 + A x (ax l + 6xy 

+ 5y' + 2x+ 3y+ 8) = 0 
If it is a circle. then coefficient of x l = coefficient of I and 

coefficient of xy = 0 
a(l + A) ~ 2 + 51. and 4 + 61. ~ 0 

10 

=> a = 2 + 51. and A = _~ => a = 2 - 3 = -4 
1+1. 3 I _~ 

3 
22. (a) : We know that. if two p erpe ndicular tangents to 

the circle Xl + I = a l m eet at P, then the point P li es on a 

director circle. Thus. the equation of director circle to the circle 

Xl + I = a l is x l + I = 2al 

which is the required locus of pOint P. 

23. (c) : Here. area of 6.PQR is required. 
Now chord of contact with respect to circle x2 + ; = a l • 

and point (h. k) is hx + ky - a2 = 0 

• 
• 

a: 

Q 

d' 'N" .................... ... ~r-

R 



Also, QR = 2 

I 
.'. Area of IiPQR = _(QR)(PN) 

2 

(h' + k' _ a')31' 
= a __ ,---,,--_ 

h' +k' 

24. (c) : Let P(X" YI) be any pOint outside the circle. Length of 

tangent to the circle xl + y2 + 4x + 3 = 0 is J x~ + y~ + 4x1 + 3 

and length of tangent to the circle;(1 + I ~ 6x + 5 = a is 

Jxf + yf -6xJ +5 

Ix2+y2+4X+3 2 
According to question, "1 1 1 =_ 

I" 3 \jxl +Y1 -6x1+S 

:::::} 9x~ + 9y~ + 36x1 + 27 - 4x~ - 4y~ + 24x] - 20 = 0 , , 
=> 5x, +5YI +60x, +7=0 

• 
• • Locus of point P is 5x2 + 5y2 + 60x + 7 = O . 

25. (b) : The two circles are 

5, = (x - a,)' + (y - b,)' = 'I' 
52 = (x - a2)' + (y - b2)' = ,,2 

. .. (i) 

. .. (i i) 

The equation of the common tangent of these two circles is 

given by5 , - 5, = 0 

=> 2x(a, - a,) + 2y(b , - b2) + (az' + bz') 

- (ar + b?) + rl - rl = 0 
If this passes through the origin, then 

(ai + b~) - (a; + b;) + 'I' - ,,' = 0 
2 2 2 2 2 2 => (a, -a, )+(b, -b, )=', -', 

26. (b) : The centres of the two circles will lie on the line 

through PO, 2) and perpendicular to the common tangent 

4x + 3y = 10. If eland C2 are the centres of these circles, then 

PC, = 5 = 'I and PC, = 5 = ". 
x-I y-2 3 

Also, C1> Czlie on the line = = r , where tane =- . 
cosS sinO 4 

When r = rl. the coordinates of C I are 

4 3 
(5cos8+ l .5sin8+ 2) or (5. 5) as cos8= - . sin8= -

5 5 

When r = r2' the coordinates of C2 are (-3. -1). 
The circle with centre C[ (5,5) and radius 5 touches both the 

coordinates axes and hence lies completely in the first quadrant. 
Therefore. the required circle has centre (-3, - 1) and radius 

5. so its equation is 

(x + 3)2 + (Y + 1)2 = 5' => x' + l' + 6x + 2y - 15 = 0 

Since. the origin lies inside the circle. a portion of the circle 

lies in all the quadrants. 

27. (a) : We have. circles 

with centre (2, 0) and 

(-2,0) each with radius 4. 

, , , , , , , 
So. y-axis is their common : , 
chord. 

The inscribed rhombu s 

has its diagonals equal to 

4 and 4.{3. 

, , 
• • • • • 

• 
• • 

dd 
Area of rhombus = 1 2 = 8j3 

2 

....... 

, , , , , 

. ", 
• 

, 

• • • • 

• , , , 

, , , , , , , , , 

28. (b) : Let (XI, YI) be the point. As the tangents from 

(XI' y\) to the first two circles are equal, (XI. y\) is on the 

radical axis of the circles, its equation being 

5, - 5, = (xl + l' - I) - (x2 + l' - 8x + 15) = 0 

=> 8x-16 = 0 => x-2=0 .. ,(i) 

Similarly. (x\.y\) is on the radical axis of the second and third 

circle whose equation is 

5,- 53 =xl + 1'-8x+ 15 - (xl + l' + 10y+ 24) = 0 

=> 8x+ IOy+9=0 ... (ii) 
Solving (i) and (ii), we get x = 2 and y = -5/2 

:. The required point is 2. -~ . 
2 

29. (b) : The coordinates of any pOint on the line 

x + y = 3 are (k, 3 - k), The equation of chord of 

contact of tangents drawn from (k. 3 - k) to the circle 

x' + l' = 9 is kx + (3 - k) . y = 9 

=> (3y - 9) + k(x - y) = 0 

which clearly passes through the intersection of 

3y - 9 = 0 and x - y = 0 i.e., (3,3), 

30. (c) : The equation of the tangent at (h, h) to 

x 2 + y2 = a2 is hx + hy = a2. 

Therefore. slope of the tangent = -hlh = -l 

......................................................... _ ..... - ..... _ ................... . 
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MOCK TEST PAPER 

1. If2tan'x - 5secx = 1 for exactly 7 distinct values of 

nrr 
x E 0, --,--

2 
, n E N then the greatest value of n is 

(a) 13 (b) 17 (c) 19 (d) 15 

2. Let S E[O, 4rr] satisfying the equation (sinS + 2) 

(sinS + 3)(sinS + 4) = 6. If the sum of all values of S is 

Krr then value of K is 

(a) 6 (b) 5 (c) 4 (d) 2 

3. The number of solutions of the equation 

16 (sin5x + cos5x) = 11 (sinx + cosx) in the interval 

[0, 2rr] is 

(a) 6 (b) 7 (c) 8 (d) 9 

4. The equation 2x = (2n + 1) rr (1 - cosx), 
(where n is a positive integer) 

(a) has infinitely many real roots 

(b) has exactly one real root 

(c) has exactly 2n + 2 real roots 

(d) has exactly 2n + 3 real roots 

S. Number of solutions of the equation 

tanx + secx = 2 cosx lying in the interval [0, 2rr] is 

(a) ° (b) 1 (c) 2 (d) 3 

6. Ix' sinx + cos2xeX + In' xl < xl Isinxl + cos2xeX + 
In2x true for x E 

(a) (- rr, 0) 

(c) 
rr 
- ,rr 
2 

(b) 0, rr 
2 

(d) (2nrr, (2n + I)rr) n E N 

7. Iflogo.5 sinx = I - logo.5 cosx then number of values 

II- ALOK KUMAR, B.Tech, liT Kanpur 

8. If 2Jsin2 x-2 sin x+S 1 < 
. 2 _1, then the ordered 

4sm y 

pair (x, y) is equal to (m, n E I) 

rr rr 
(a) x=(4n+l)- ,y=(2m+1)-

2 2 
(b) x = 2nrr , y = 2mrr 

rr rr 
(c) x=(2n+l)-, y=(2m+1)-

2 2 
(d) x=nrr,y=mrr 

9. The value of C05210° - cosl0° c0550° + C05250° = 
4 

(a) 
5 

(b) 2 
3 

3 
(c) -

4 
(d) 3 

10. Number of ordered pairs (a, x) satisfying the 

equation sec'(a + 2)x + a' - 1 = 0; - rr < x < rr is 

(a) 1 (b) 2 (c) 3 (d) 5 

11. If asin'x + bcos'x = c, bsin'y + acos'y = d and 

a' 
a tanx = btany then = 

b' 
(a - d)(c - a) 

(a) (b - c)(d - b) 
(a+d)(c+a) 

(b) 
(b + c)(d + b) 

(a - c)(c - b) 

(a - d)(b - a) 
( c) 

(d-a)(c-a) 
(d) 

(b - c)(d - b) 

acos<l>+b S 
12. If cos S = then tan- is equal to 

a+bcos<l> 2 

(a) 
a-b 

tan(<I>/2) (b) 
a+b 

a+b 
cos(<I>/2) 

a - b 

ofxE[-2rr,2rr] is (c) 
a-b 

sin(<I>/2) (d) none of these 
a+b (a) 1 (b) 2 (c) 3 (d) 4 

• Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO·91). 
He trains liT and Olympiad aspirants. 
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13. If a is the angle in which each side of a regular 

polygon of n sides subtends at its centre then I + cosa + 
cos2a + cos3a + ...... + cos(n - I)a is equal to 
(a) n (b) 0 (c) I (d) n - I 

s-a s-b s-c 
14. If in a triangle ; ; --;-;;--

11 12 13 
and Atan'(AI2) = 455, then A must be 

(a) 1155 (b) 1551 (c) 5511 (d) ISIS 

IS. If 2sinx - cos2x = I, then cos'x + cos4x is equal to 

(a) I (b) - I (c) -J5 (d) J5 
16. A set of values of x, satisfying the equation 

2 I 
cos _ px 2 I + cos _ qx = I form an arithmetic 

2 2 
progression with common djfference 

2 2 
(a) (b) 

p+q p- q 

" (c) 
p+q 

(d) none of these 

17. Ifcos6a + sin6a + ksin'2a = I If a E (0, " /2), then k is 

3 I I I 
(a) 4" (b) 4 (c) 3 (d) "8 

18. The most general 

I 
tan8=-I, cos8= .fi is 

solution of the equations 

(a) nIT + 7,,/4 

7" (c) 2n,,+ -
4 

7" (b) n,,+(_ I)n .....,.. 
4 

(d) none of these 

19. The least positive values of x satisfying the equation 

I+lcoul+ws
2 
x.Jcos

3 
X+ ... - 3 '11 b (h I I ) 8 'I = 4 WI e were cos x < 1 

(a) ,,/3 
(c) ,,/4 

(b) 2,,/3 
(d) none of these 

20. For each real number x such that - I < x < I, let 

A (x) be the matrix (1- x)-l 

Then, 

I 

-x 
-x 

I 

x+y 
and z; . 

I+xy 

(a) A(z) = A(x) + A(y) 

(c) A(z) = A(x) A(y) 

(b) A(z) = A(x) [A(y)l -I 

(d) A(z) = A(x) - A(y) 

21. If A is a square matrix of order 3 such that IAI = 2 

then I(adj A-Itll is 

(a) I (b) 2 (c) 4 (d) S 

22. If A and B are square matrices of the same order 

and A is non-singular, then for a positive integer 
n, (A -I BA)M is equal to 
(a) A-nBnAn (b) AnB"A-n 

(c) A- I B" A (d) n(Kl BA) 

I -I • • 
1 -I 

• • 
-I 1 -I 

, then A 8 equals 
I 

(a) 4B (b) 12SB (c) -12SB (d) -64B 

pa qb 

24. If P + q + r = 0 and qc ra 

rc a b 

p =k c a 

rb pc qa b c 

then k = 
(a) 0 (b) abc (c) pqr (d) a+b+c 

25. A square matrix P satisfies p2 = 1 - P, where I is an 

identity matrix of order as order of P. If pn = 51 - SP, 
then n = 

(a) 4 (b) 5 (c) 6 (d) 7 

26. The digits A, B, C are such that the three digit 
numbers ASS, 6BS, S6C are divisible by 72, then the 

A 6 8 

determinant S B 6 is divisible by 

S 8 

(a) 76 (b) 144 (c) 216 (d) 276 

27. Let A, B be square matrix such that AB = 0 and B 
is non Singular then 
(a) IAI must be zero but A may non zero 
(b) A must be zero matrix 

(c) nothing can be said in general about A 
(d) none of these 

28. Let x > 0, y > 0, Z > 0 are respectively the 2nd , yd, 
41h terms of a G.P and 

xk k+l xk+2 x 

~; l k+l k+2 ; (r - 1)2 I 
Y y 1--

r2 
zk k + I k+2 

Z Z 

(where r is the common ratio) then 
(a) k= - I (b) k= I 

(c) k=O (d) None of these 

29. A = [aU lmxn and aU = i' - j' then A is necessarily 
(a) a unit matrix 

(b) symmetric matrix 
(c) skew symmetric matrix 

(d) zero matrix 
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30. 

(a) 

(c) 

1 -1 
If A~ 

1 

0 256 

256 0 

-16 0 

o -16 

1 
then A I6 ~ 

(b) 

(d) 

1 2 a 0 

256 0 

0 256 

o 16 

16 0 

31. If A~ 
3 

4 ,B~ 0 b ,abEN,then number 

of matrix 'B' such that AB ~ BA are 
(a) 0 (b) 1 
(c) finitely many (d) infinite 

32. Let A and B are two non-singular square matrices, 
and AT and BT are the transpose matrices of A and B 
respectively, then which of the following is correct? 
(a) BT AB is symmetric matrix if and only if A is 
symmetric 
(b) BT AB is symmetric matrix if and only if B is 
symmetric 
(c) BT AB is skew symmetric matrix for every matrix A 
(d) BT AB is skew symmetric matrix if B is skew 
symmetric 

33. IA3 x 31 ~ 3, IB3 x 31 ~ - 1, and Ie, x ,I ~ 2, then 
12ABCi ~ 
(a) 23(6) (b) 23(-6) 
(c) 2(-6) (d) none ofthese 

34. If A and B are two matrices such that AB ~ Band 
BA ~ A, then 
(a) (A6_B5)3 ~ A _ B (b) (A5 _ B5)3~A3_B3 

(c) A - B is idempotent (d) A - B is nilpotent 

1 2 a b 
35. Let A ~ 3 4 and B ~ c d are two matrices 

a-d 
such that AB ~ BA and e", 0, then value of b 

3 - e 
(a) 0 (b) 2 (c) -2 (d)-1 

casa -sina 0 

. 
IS: 

36. Let f(a)~ sino. coso. 0, then (j(a))-I is 

equal to 
(a) j(a) 
(c) j(o. - 1) 

37. If A ~ 
• 
IS 

(a) 1 

o 

5 - 6 

1 -1 

(b) 2 

o 1 

(b) j(-o.) 
(d) none of these 

then determinant of A 1003 - SA 100' 

(c) 4 (d) 6 
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38. f: R -7 R,f(x) ~ xix I is 
(a) one-one but not onto 
(b) onto but not one-one 
(c) Both one·one and onto 
(d) neither one-one nor onto 

39. The domain of the function 

f(x) ~ sin-1 x' 
log, 

2 

• 
IS 

(a) [- 2,2] 
(c) [1,2] 

(b) [-2, - 1] 
(d) [-2,-l]u[I,2] 

40. 
3 

The range of f(x) ~ .,,--,-,.--,-
5+4sin3x 

(a) 
1 
- ,3 
3 

(e) [1,3] 

(b) 

(d) 

x'-x+l 
41. The range of, is 

x +x+l 

(a) 
1 
- ,3 
3 

(b) 

1 
- ,1 
3 

1 
-= ,-

1 
- ,1 
3 

3 

. 
IS 

U(3,=) 

(c) [1,3] 
1 

(d) (-='3]U[3,=) 

42. Domainofthefunction f(x)~J5Ixl-x'-6 is 

(a) (-=,2)u(3,=) (b) [-3, - 2]U[2,3] 
(c) (-=, - 2) u (2, 3) (d ) R - {-3, -2, 2, 3} 

43. The range of the function 

2 x . x 
f(x)~cos -+sm - ,xER is 

4 4 

(a) (b) 

(c) (d) 

5 
1, -

4 

5 
-1, -

4 

44. Range of the function f(x)~x' + ,I ,is 
x +1 

(a) [1, =] 

3 
(c) - = 

2 
, 

(b) [2, =) 

(d) (-=,=) 

45. The inverse of f(x) ~ (5 - (x - 8)')113 is 
(a) 5 - (x - 8)5 (b) 8 + (5 _ x3)115 

(c) 8 - (5 -x')1/5 (d) (5 _ (x _ 8)1 /5)3 



46. Minimum value offunction j(x) = .x3C.x3 + 1)C.x3 + 2) 
CX 3 + 3) : x E R, is 
Ca) -2 Cb) -I Cc) I Cd) none 

47. The domain of the function 
j(x) = 10gIO {l - 10glOCx' - 5x + 10)} is 

Ca) CO, =) Cb) CO,S) 
Cc) C-=,O) Cd) None of these 

48 . The range of the function 
, 1 

x --
2 

where [.} = G. L F 

Ca) {n} Cb) 
n 
2 

Cc) {2n} Cd) {OJ 

49. The domain of definition of the function,j(x) given 
by the equation 2x + 2Y = 2 is 
Ca) O<x< 1 Cb) O<x< 1 
Cc) -=<x< O Cd) -=<x< 1 

50. Iff: R --7 R is a function satisfying the property 
j(x + 1) + fCx + 3) = 2 for all x ER thenfis 
Ca) periodic with period 3 
Cb) periodic with period 4 
Cc) non periodic 
Cd) periodic with period 5 

51. Letf: R --7 R - {3} be a function such that for some 

f x -5 

f x -3 
offis 
Ca) 2p Cb) 3p Cc) 4p Cd) 5p 

52. The period of the function j(x) = C _1)lxl where 
[.J = G.LF 
Ca) 2 Cb) 1 Cc) 3 Cd) 4 

1 
53. If fCx)=x- -, 

x 
j(f(j(x))) = 1 is 
Ca) 1 Cb) 4 

then number of solutions of 

Cc) 6 Cd) 2 

1 
54. Ifj(x) = xCx - 1) is a function from - ,= to 

2 
1 

- 4'= , then {x ER :f-lCx) = fCx)} is 

Ca) null set 
Cb) {l} 
Cc) {0,2} 
Cd) a set containing 3 elements 

-n 2n 
55. Let f: , --7 [0,4] be a function defined as 

3 3 

fCx)=../3sinx-cosx+2 thenf-lCx) is given by 

C) 
. - I x - 2 

a sm 
2 

n 
6 

I x+2 n 
Cb) sin - -;::- +-

2 6 

2n - I x-2 
Cc) - cos Cd) Does not exist 

3 2 

56. The value of the parameter Ct., for which the 

function fCx) = 1 + ax, Ct.;t 0, is the inverse of itself, is 

Ca) - 2 Cb) - 1 (c) 1 Cd) 2 

57. If for nonzero x, 

j(x') = 

then 

58. If gCx) is a polynomial satisfying gCx) gCy) = gCx) 
+ g(y) + g(xy) -2 for all real x and y and g(2) = 5, then 

g(3) is equal to 

(a) 10 Cb) 24 (c) 21 Cd) 15 

x+y 1 
59. Let f =-(f(x)+fCy» for real x and y. If 

2 2 

rex) exists and equals to - 1 and f(O) = 1, then the value 

of f(2) is 

Ca) 1 Cb) - 1 
1 

(c) -
2 

Cd) 2 

60. A function f: R --7 R satisfies the equation j(x) j(y) 

-f(xy)=x+y 'dx,yE Randf{l»O,then 
Ca) j(x)f-lCx) = x' - 4 (b) fCx)f-l(x) = x'- - 6 

Cc) j(x)f-lCx) = x' - 1 (d) none of these 

SOLUTIONS 

1 
1. (d): secx=3 =>cosx=-

3 
which gives two values of x in each of [0, 2n], (2n, 4nJ, 

C4n,6nJ and one value in 6n + 3n = IS':: 

• .. Greatest value of n = 15 
2 2 

3n 7n 
2. Cb): sinO=-1 => 0= ,~ 

2 2 
• .. K = S 

3. Ca) : 16Csinsx + cos5x) - llCsinx + cosx) = 0 
=> Csin + cosx){16Csin4x - sin3x cosx + sin'x cos'x 
- sin xcos3x + cos4x) - 11} = 0 
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=> (sinx + cosx){16(1 - sin'x cos'x - sinx cosx) - II}= 0 

=> (sinx + cosx)(4sinx cosx - 1)(4sinx cosx + 5) = 0 

As 4sinx cosx + 5 :t 0, we have 

sinx + cosx = 0 or 4sinx cosx - I = 0 
The required values are 1[/12, 51[/12, 91[ / 12, 131[/12, 

171[/ 12,211[/ 12, - they are 6 solutions on [0, 21[]. 
/ , 

.2x x .2x. 
4. (e) : sm _ = the graph of sm _ will 

, 2 / (2n + 1)1[ 2 
be above the x-axis and will be meeting the x-axis at 

0, 21[, 41[, ... etc. It will attain maximum values at odd 

multiples of1[ i.e., 1[, 31[, ... (2n + 1)1[. The last point 

x 
after which graph of y = ) will stop cutting 

(2n+l1[ 
will be (2n + 1)1[. 

Total intersection = 2(n + 1) 

l+sinx 
5. (e): Given equation is =2cosx 

cosx 
=> I + sinx = 2 cos'x = 2(1 - sin'x) 

=> 2 sin' x + sinx - I = 0 

=> (I + sinx)(2 sinx - I) = 0 

=> sin x = - lor 1/2 
Now, sin x = - I => tanx and secx not defined . 

sinx = 1/2 => x = 1[/6 or 51[/6. 
• 

• • The required number of solution is 2. 

6. (a): la + b + el < lal + Ibl + lei 
If a, b, e do not have same sign. 

=> x2sinx < 0 :. x E (- 1[ , 0) 

7. (d) : Given,logo.s sinx = I - logo.s cosx, x E [- 21[, 21[] 

sinx > 0 and cosx > 0 

. I 
smxcosx= -

2 
sin2x = I, 2x E [- 41[, 41[] 

==> 4 solutions 

8. (e) : ',' sin'x - 2sinx + 5 = (sinx - I) ' + 4 > 4 

and sin' y < I => _~1~ > 2. 
. 2 4 4sm y 

:. L.H.S. > I and according to question L.H.S. < I 

therefore, L.H.S. = I 

for which sin2x - 2 sinx + 5 = 4 

=> (sinx - I)' = 0 

=> sinx = I => x = (2n + I) '" 
2 
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and sin ' y = 1 or cosy = 0 

'" => y = (2m + 1) -
2 

9. (e): cos'lO· - cosiO· cos50· + cos'50· 

= ~ [I + cos 20° - (cos 60° + cos 40°)+ (I + cos 100°)] 
2 

-

I 3 3 
= - _ +cos200- (2cos60° cos200) = -
224 

10. (e) : Given equation is sec' (a + 2)x + a' - I = 0 
=> tan'(a + 2)x + a' = 0 

=> tan' (a + 2)x = 0 and a = 0 

, 1[ - 1[ 
=> tan 2x=0 => x=O, - ,-,:-

2 2 

:. (0, 0), (0, 1[/2), (0, - 1[/2) are ordered pairs satisfying 

the equation. 

11. (a): atan' x + b = e(J + tan' x) 
/ , e-b 2 d-a 

=> tan X= ,tan y= 
a - e b - d , 

• .. 
a' _ tan' y _ (a-d)(e-a) 

- -
b' tan' x (b-e)(d-b) 

((1-cosS 
12. (a): tanS/2 . 1/ 

Y l+cosS 
--

1-

1+ 

(a-b)(I-cos<l» _ (a-b) tan(<I>/2) 
(a+b)(l+cos<l» (a+b) 

acos<l>+b 

a+bcos<l> 

acos<l>+b 

a+bcos<l> / 

13. (b): cosa + cos(a + (\) + .... + cos (a + (n - 1)(\) 
. n (\ 

sm 
=_-;2,... cos 

. (\ 
8m -

2 
s-a s-b s-c s 

14. (a) : - - - _ _ 
II 12 13 36 

On solving we get, tan'(A/2)=~ => A = 1155 
33 

15. (a) : Given, 2 sinx + 2sin ' x - I = I 
or sin2x + sinx - 1 = 0 

. - 1+ .J I+4 - 1+15 
:. smx= -

2 2 



,3-'5 , '5 -1 => sin x;::; ",.J => cos x;::; --'''--::-J _ 

2 2 

, ,.j5-1 .j5+ 1 
:. cos x(l+cos x)= x =1 

2 2 
16. (d): 1+ cospx + I + cosqx = 2 

=> cos p+q xcos p-q x=O 
2 2 

(2n+I)1t (2n+I)1t 
=> x = or -'--c_-'--

p+q p - q 

for n ;::; 0, +1, +2, ... .. 
21t 21t 

forms an A.P. with common difference or -,----
p+q p - q 

17. (a): The given condition can be written as 
(cos'o: + sin'o:)3 - 3sin'o: cos'o:(cos'o: + sin'o:) + 

ksin' 2a = I 

3 . '2 k' '2 0 => - - sm a+ sm 0,= 
4 

. 3 
Showmg that k = - . 

4 

IS. (e) : We have, tanS = - 1 
I 

and cosS = .fi 
31'< 

The value ofSlying between and 21'< and satisfying 
2 

these two is 7rr:. Therefore the most general solution 
4 

is S = 2n1'< + 71'</4 where n E Z 
I 

19. (a): .: I + Icosxl + cos2x .... = -;------; 
3 I- ! cos~ 

=> I =43 => 21-jcos xj =26 
si-Icosxl 

3 I 
=> =6=>I - cosx!=-

I- !cosx! 2 
I I 

cosx ;::; - ==> cosx;::; + -
2 2 

1t 
For least positive value of x, x = -

, 3 

20. (e) : A(z) = A 
x+y 

I+xy , 

I 

/ , 
x+y 

-

- I+xy , I+xy , 
-

I 

/ 

x+y 
-

(I-X)(I- y) 
l+xy 

• 
• • A(x).A(y) = A(z) 

21. (e) 

22. (e): (A-1BAj2 = (A-1BA)(A-1BA) =A-1B(AA-l)BA 

= A-IB/BA = A-IB' A 

=> (K IBA)3 = (A - IB' A)' = A -IB'(AA-I)BA 

= A-1B' /BA = A-1B3A and so on 
=> (A -IBA)" = A-IBnA 

23 . (b) : We have, A = iB 
2 

=> A ' = (iB)' = i2B' = _B2 = -
-2 

=> A4 = (_2B)2 = 4B2 = 4(2B) = 8B 

-2 

2 

=> (A4)2 = (8B)2 => A S = 64B' = 128B 

24. (e) :p+q+r = O 

=> p3 + q3 + r 3 = 3pqr 

pa qb r< 

Now, qc ra p = pqr(a3 + b3 + c3 
- 3abc) 

rb pc q 

ab 

= pqr c a => k = pqr 

bca 

25. (e) : Since p2 = / - P (given) 

=> p3 = P(I - P) 

=> P - p2 = P - (I - P) (using(i)) 

:. p3 = 2P - / 

= - 2B 

... (i) 

... (ii) 

Similarly, p4 = 2P' - P = 2/ - 3P and pS = 5P - 3/ 

and p6 = sp' - 3P = 5/ - SP 

26. (b): 100A + 80 + S = 72AI 

600 + lOB + S = 72A, 

sao + 60 + C = 72A3, A1> A" A3 E / 

A 6 8 

Letc,= 8 B 6 

A 

- 8 

8 8 

6 

B 

8 

6 (R3 H R3 + lOR, + 100Rd ... (i) 

Now, ASS is divisible by 72 

=> A8S is divisible by 9 

:. A = 2 

Also, 6B8 is divisible by 9 

Substituting these values in (i) we get C, is divisible by 

144 => B = 4 
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27. (b): A ·B = 0 => A·B· B- 1 = O·B- I 

=> A·I = 0 => A = 0 

1 ar a2r2 

28. (a): xk/zk 1 ar2 a2
r 4 

1 ar3 a3r6 

a3(k+1) ,.J(2k+I )[r - l](r4 - 1) - (y2 - 1) 2] 

=> k = - 1 

29. (e) : aji = / - ;2 = - (i' - /) = - aU 

30. (b): A2= 
0 -2 

,A4::;: 
-4 0 

2 0 0 -4 

16 0 256 0 
A 8 = A

I6 = 
0 16 

, 
0 256 

a 
31. (d): AB= 

3a 

2b a 2a 

4b ,BA= 3b 4b 

AB = BA => a = b 

32. (a): (BTAB)T = BTA T(BT)T = BTATB 

= BT AB iff A is symmetric 

:. BY AB is symmetric iff A is symmetric 

Also, (BTAB) T = BTATE = (- B)ATB 

:. BT AB is not skew symmetric if B is skew symmetric 

33. (d): 2ABe is not defined 

:. there is no solution 

34. (d): Since AB = Band BA = A 

:. A and B both are idempotent 

(A - B)2 = A ' - AB - BA + B' 

= A - B - A + B = O 
• .. A - B is nilpotent 

1 2 a b a+2c b+2d 
35. (d): AB= -

3 4 c d 3a+4c 3b+4d 

BA= 
a b 1 2 

3 4 c d 

a+3b 2a+4b 

c+3d 2c+4d 

If AB = BA, then a + 2c = a + 3b 

=> 2c = 3b => b " 0 

Now, b + 2d = 2a + 4b 

=> 2a - 2d = - 3b 

MATHEMATICS TODAY I MAY '20 

a - d 
_ 3

b 
2 • - =-1 .. -

3b-c 3 
3b-- b 

2 

casu sina 0 

36. (b): (J(a)t = -sina casU 0 =f(-a) 

0 0 1 

37. (d): IA loo3 - SAloo' 1 = IA loo2(A - 51)1 
= IA lUo211A - 5[1 = IAIloo, IA - 5[1 

=6 

x 2 if x> 0 

38. (e): Given that f(x) = o ifx=O 

-x2 ifx<0 

x2 

39. (d): f(x)=sin - I log2 
2 

1 x 2 

ER 

<1<=0 - < <2 
2 2 2 

.;:::. 1 <x'< 4 .;:::. X E [- 2, - 1] u [1 , 2] 

40. (a) : - 1 < sin 3x < 1 

x 2 
- x + 1 

41. (a) : Let y = ---0:
2
--

x +x+l 

=> yx2+yx+y = x' - x + l 

=> (y - l)x2 + (y + 1)x + (y - 1) = 0 

Now, x E R => Discriminant > 0 

=> (y + 1)2 - 4(y - I) ' > 0 

=> - 3y' + lOy - 3 > 0 

2 1 
=>3y -10y+3<0=>(3y-l)(y-3)<0=> - < y<3 

3 
1 

:. Range= - ,3 
3 

42. (b): Slxl - x' - 6 > 0 => x2 - Slxl + 6 < 0 

when x < 0, x2 + Sx + 6 < 0, - 3 < x < - 2 

when x > 0, x2 - Sx + 6 < 0, 2 < x < 3 

x = 0 will not satisfy the condition. 

Domain is [-3, - 2] u [2, 3]. 

43. (d): f(x)=I-sin 2
': + sin': 
4 4 

. 2 x . x ::;: - sm -- SIO- +1= -
4 4 

2 
. xII 

S\ll - -- -- +1 
4 2 4 



. S 
Maximum f(x) = -

4 

S 
Minimumf(x) = - -

4 

Range of f (x) = 
S -1, _ 
4 

1 
-1- _ 

2 

2 S 9 
= _ - _ =-1 

4 4 

44. (a) : Here, f(x) = x' + 1+ 1 -1 
x 2 +1 

, 1 
x +1 +, >2 

x +1 
• • 

:. fix) E [1, =) 

4S. (b): Let Y = fi x ) = (S - (x - 8)')113 

Then y3 = S - (x - 8)5 => (x - 8)5 = S - l' 
=> x = 8 + (S _ 1') 115 

Let, z = g(x) = 8 + S(S - .0) 115 

Now,f(g(x» = (S - [S - x 3) 1I5J5)1I3 = (S - S + .0)113 = x 

Similarly, we can show that glf(x» = x. 

Hence, g(x) = 8 + (S - x3) 115 is the inverse of f(x). 

33 3 3 ,99 
46. (b): Lett=x (x +3);t=(x + - ) - - E[--,=) 

2 4 4 

f(x) = get) = t(t + 2) = (t + I )' - 1 is least when t = - 1 

and -IE[- 9 ,=) :. minf(x) =-1 
4 

47. (b) : For function fix) to be defined we have X' - Sx 
+ 10 > 0 ... (i) and 1 - 10glO(X' - Sx + 10) > 0 ... (ii) 

Now, (ii) => JogiO(X' - Sx + 10) < 1 => X' - 5x + 10 < 10 

=> x' - 5x < 0 => x(x - 5) < 0 => 0 < x < S .. . (A) 

Again , X' - 5x + 10 > 0 for all x, .. . (B) 

Since the discriminant of the corresponding equation 

x' - 5x + 10 = 0 is negative, so that the roots of the 

equation are imaginary. 
Combining (A) and (B), we find that the domain of 

f(x) is (0, S). 

48. (al: LetYI = sin-I 

Then, Y = YI + y, . 

2 1 
x +-

2 
d 

-I 2 1 
an Y2 =C05 x -

2 

. -I 2 1 d fi d Now, YI = sm x + - is e ne 
2 

if -1 < 
, 1 

x +-
2 

<1 ~-I<X2 1 3, 3 ~ +- <2=>-- <x < -
2 2 2 

... (i) 

- I 
Again, Y2 = cos 

2 1 x - _ is defined 
2 

, 1 
If -1 < x - _ 

2 
<1 => -1 <x2 -2 <2 => -2 <x' <~ 

222 

... (ii) 

Taking the intersection of (i) and (ii), we find that 

1 2 3,3 ., b' - _ < x < _ => 0 <x <_. smce.x- cannot e negatIve. 
222 

1 1 1 2 1 
Now, for x2 so that _ < x' + _ < 1 and - - < x - - < 0 

2 2 2 2 

We have Y = sin- I(O) + COS- I( - I) = 0 + 11 - cos- I(L) = 11 

Similarly for 2 <x' <~, we have 
2 2 

. -ie) -ie) 11 11 y=sm 1 +cos 0 =- +- =11' 
2 2 

Hence, the range of the given function is [lIJ. 

49. (d) : It is given that 2x + 2Y = 2 't/ x, Y E R 

Therefore, 2X = 2 - 2Y < 2 => 0 < 2x < 2 

Taking log for both side with base 2. 

=> Jog20 < log,2X < log, 2 

Hence domain is _00 < x < 1 

SO. (b) :f (x + 1) = f(x + S) 

SI. (e): 3 does not belong to the range off implies 2 

also cannot belong to range of fbecause, if f( x ) = 2 for 

2-5 
some x E R. Then f(x+ p)= = 3 which is not in 

2-3 
the range off Hence 2 and 3 are not in the range of 

f !ff(x + 2p ) = fix) , this impliesf(x) = f(x + p + p) 

f(x) - 5 -5 
_ f(x+ p)-5 _ f(x)-3 

f(x+p)-3 f(X) - 5_
3 

f(x)- 3 

_ -4f(x)+10 _ 2f(x)-S 

-2f(x)+4 f(x)-2 

so that [((x) - 2]' = - 1 which is absurd. Therefore, 

2p is not a period. 

. 2f(x+p)-S 3f(x)-s 
Agam, f(x+3p)= ( ) = () '" f(x) 

fx+p-2 fX-l 

Now,f(x + 4p) = f( x + 3p + p) 
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3f(x)-S 
- S 

= f(x+3p)-S = f(x) - I = -2f(x) = f(x) 
f(x+3p)-3 3f(x)-S -2 

-,,'-r7"- 3 
f(x) - I 

Therefore, 4p is a period. 

52. (a): Given:f(x) = (_I) [xl . 

First of all, we sketch the graph of fix) with the help 

of piecewise defined functions as follows: 

I; -2<x<-1 

- 1; - 1<x<O 

f(x) = Hixl = I; O<x<1 

- I: I <x<2 

I; 2 <x < 3. 

• • The function f(x) repeats its value after the least 

interval of 2. 

Therefore, the function fix) is periodic with period 2. 

I x4 _3x2 +1 
53. (b): f(x)=x --, => f(j(x))= 2 

x x(x - I) 

Since, we have f(j(j(x))) = 1 => f(j(x)) = r l (I) = I +,fS 
2 

==> 2 values exist 

or f -I (I) = 1-,fS => 2 values exist 
2 

54. (c): {x ER :f- I(x) = fix)) = {x ER :ff(x) = xl 

j(f(x)) = f(x)[f(x) - I] = [x(x - I)][x(x - 1) - 1] 

=x(x- I)[x2 -x- I] 
f([(x)) = x => x(x - I)(xl - x - I) = x 
=> x(x3 - 2X2) = 0 => x = 0, 2 

, 
55. (c): We have, f(x)=2sin x- n +2 

6 , 

.: f is one-one and onto :. f is invertible 

Now,fof-I(X) = x=> 2sin rl (x)-':: +2=x 
, 6 

, 
f -I() . -I x n x =sm --1 +-

2 , 6 

'" Also, sin-1a + cos- 1a = -
2 

:. x -I <]\7'xE[0,4] 
2 

, 
f
-I() n _lx-2 n 2n - I x-2 ==> x =--C05 +-= - cos 

2 2 6 3 2 
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y-l 
56. (b): Let y=f(x)=I+ax => X= __ 

a 
=> rl(x)=X-I 

a 
I x -I 2 

Now,f(x) =.r (x) => = 1 + ax => x - I = a + a x 
a 

Equating the coefficient of x, we get 

a 2 = 1 and a = - I => a = - I 

1 ' 
57. (c): We have, 2f(x2)+3f =x2 -1 

x2 , 

... (i) 

... (ii) 

4 2 

( .. ) (.) f( 2) 3 2 2 f( 2) 3-2x-x 
II - I => 5 x =2 - x - 1 => x = 2 

x Sx 

58. (a) : We have, g(x) g(y) = g(x)+ g(y)+g(xy)-2 ... (i) 

Putting x = I , Y = 2 in (i), we have 

g(1) g(2) = g(1) + g(2) + g(2) - 2 

=> 5g(1) = 8 + g(1):. g(1) = 2 

Also, replacing y by 2 in (i), we get 
x 

1 1 
g(x)g =g(x)+g +g(l)-2 

x x 
, 1 I 

=> g(x)g - = g(x)+ g 
, x , x 

=> g(x) = 1 + x" 

Put x = 2 in (ii), we get + 2" = 2' 

Taking +ve sign, we set n = 2 
:. g(x) = 1 + x' => g(3) = 1 + 32 = 10 

59. (b) 

60. (c) : Taking x = y = 1, we get 

f(1)f(1) - f(1) = 2 => 1'(1) - f(1) - 2 = 0 

... (ii) 

=> ([(1) - 2)([(1) + 1) = 0 => f(l) = 2 (asfil) > 0) 
Taking y = I, we get 

f(x).j(I) - f(x) = x + 1 
=> f(x) = x + 1 => f - I(x) = x - I 

:. f(X).j - I( X) = x2 - 1 



PAPER - I 

SECTION-1 

ONE OR MORE THAN ONE OPTION CORRECT TYPE 

1. Which of the following set of values of x' satisfies 

the equation 2(2sin
2 

x - 3sinx+l ) + 2(2 - 2sin
2 

x+3sinx) :;;: 9 

7t 
(a) x;n7t+ - ,nEI 

6 

(c) x ; n7t, n E I 

(b) 

(d) 

7t 
x;n7t+ - ,nEI 

3 

7t 
x;2n7t+-,nEI 

2 

n 
2. If a, rJ (a < rJ) are 2 roots of (6x+ I)x; 1+ cos-

4 

2a n[xl JP 
then fsin 2 dx+fcos(n[x])dx ; _,where[.J 

o 0 

denotes greatest integer function. 

(a)a+rJ (b) 2 

(c) 0 (d) [2a + 9rJl 

3. If three numbers are chosen randomly from the 

set {I, 3, 32, .... , 3"} without replacement, then the 

probability that they form an increasing geometric 
. . progressIOn IS 

3 
(a) - if nis odd 

2n 

3 
(b) - if n is even 

2n 

3n . . 
(c) Ifniseven 

2(n2 -I) 

3n . . 
2 If n IS odd 

2(n -1) 
(d) 

4. The general solution of the differential equation 

- I 
tan y x-e dy ;0 is 2xef(Y) ;e2f(y) +c 

dx ' 

5. 

then the area of the region bounded by the curves 

x; f(y), y; +.J3 and y-axis is 

7t 
(a) -log2 

.J3 
7t 

(c) .J3 + log2 

27t 
(b) -log4 

.J3 
(d) u 

.J3 
Given a real valued function f such that 

tan2 x 

(x2 -[xl2
) 

, 

f(x); 
I 

){x}cot{x} , 

, 

for x> 0 

for x;O 

for x <0 

Where [xl is the integral part and {x} is the 

fractional part of x, then 

(a) lim f(x);J (b) lim f(x);,jcotl 
X--70 X--70 

2 

(c) cot- I lim f(x) ;1 
x-->o 

(d) f is continuous at x ;0 

6. A vector of magnitude 2 along a bisector of the 

angle between the two vectors 2t - 2 I + k" and 

t+2I-2k is 

(a) ~(3t-k1 (b) ~(r-4I+3k1 

(c) ~(r-4I+3k1 (d) JsV- 3j) 
x e-x 

7. Let f(x); and g(x); , where [.J is the 
l+x2 l+[xJ 

greatest integer less than or equal to x, then 

(a) Domain (j + g) ; R- [- 2, 0) 

(b) Domain (j - g) ; R - [- I, 0) 
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(c) Range f n Range g = 

(d) Range g = R-{O} 

1 
-2,_ 

2 

SECTION-2 

INTEGER ANSWER TYPE 

8 . The number of acute triangles whose vertices are 

chosen from the vertices of a rectangular block are 

9. Tangents are drawn to the circle x' + j2 = 12 at 

the points where it is meet by the circle 

xl + j2 - 5x + 3y - 2 = 0, then the x-coordinate of 

the point of intersection of these tangents is 

10. Leta} ,az •....... ,an beanA.P. with common difference 

nl6 and assume 

sec at sec az + sec a2 sec a3 + .... + sec all _ 1 sec an 

= k(tan an - tan al). 
Find the value of k. 

2 1 1 3 
11. If J(x)=x -x+I,x>- andg(x)= - + x-- are 

2 2 4 
two functions, then the number of solutions of the 

.2 1 
equatIon x -x+l= - + 

2 

3 . 
x-- IS 

4 

12. If f(x + y) = f(x)j(y) and f(x) = 1 + xg(x)H(x) where 

14. Match the following. 

(A) 

Column-I 

1 

If II = f x 4 (I-x)5dx, 

o 
1 

12 = f x5(I-x)5dx 

o 
1---1. 

(B) 

(C) 

(0) 

n 

If II = f cos
4 

xsin6 xdx, 
o 

2n I 
12 = J (OS4 xsin4 xdx then---.!.. = 

o 12 

n -
4 

then f f(x)dx = 
- n 
-

4 

n -
2 f (Jsinx +.jCOSX)-4 dx = 

o 

lim g(x) = 2, lim H(x) = 3, then j'(x) = Kj(x) 15. Match thefollowing: 
x->O x->O 
ifK = Column-I 

SECTlON-3 (A) The no. of solutions of the 

MATRIX MATCH TYPE equation JcosxJ = 2[x], (where 

[.] is greatest integer function) 
• 

13. Match the following. 
IS 

(B) The no. of solutions of the 
Column-I Column-II 

equation (A) Radius of the circle • (p) 4 passing 

through (3,4) and (5, 2) having 2w " = JsinxJ in [-2n, 2n] is 
centre on y = 2x is 

(C) The no. of solutions of the 
(B) Length of the common chord of (q) 52 equation sin3x cosx + sin2x 

2y2 = 3(x + I) , x2 + j2 + 2x = 0 is cos 2x + sinxcos 3x = ] in 

(C) Product of length of per - (r) .j3 [0, 2n] are 

pendiculars drawn from the two (0) The number of possible values 

foci to the tangent at any point of k if fundamental period of 

on the ellipse 25x' + 4y' = 100 is sin-I(sin kx) is nl2 is 
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Column-II 

(p) 
1 
-
2 

(q) 
1 
-
3 

-

I 
1 

(r) -
4 

(s) 
5 

11 

j 

Column-II 

(p) 8 

(q) 4 

, 

(r) 0 

1 
(s) 2 



PAPER-II 

SECTION-1 

SINGLE OPTION CORRECT TYPE 

I. Through the point P(h, k, /) a plane is drawn at right 
angles to OP to meet co-ordinate axes at A, Band C. 
If OP = p, then the area of the MBC is 

p' pS p3 p3 
(a) 2hkl (b) hkl (c) 2hkl (d) hkl 

2. Sixteen players 51. S2> ..... , 516 play in a tournament. 
They are divided into eight pairs at random. From 
each pair a winner is decided on the basis of a 
game played between the two players of the pair. 
Assume that all the players are of equal strength. 
The probability that "exactly one of the two players 
51 and 5, is among the eight winners" is 
(a) 4/15 (b) 7/15 (c) 8/15 (d) 9/15 

3. The solution of the differential equation 

d d ", x x+ Y Y _ a -x - y . 

x dy - ydx x' + / 
IS 

(a) Jx'+/ =acos c+tan- l 2: 
x 

(b) Jx
2 

+ / =asin 

(c) Jx'+/ =asin 

-I Y c+tan -
x 

-IX 
c+tan -

y 

(d) Jx' + / =acos c+tan- I x 
y 

4. In a certain test there are n questions. In this test 
211

- ; students gave wrong answers to atleast i 

questions, where i = I, 2, 3, ..... , n. If the total 
number of wrong answers given is 2047, then n is 
(a) 10 (b) 11 (c) 12 (d) 13 

2 I 3 4 
5. Let three matrices A:;;; . B = 

4 I' 2 3 
and 

C= 
3 

-2 

(a) 6 
(c) 12 

+ Ir 

-4 ABC 
3 ,then Ir(A ) + Ir 2 

A(BC)' 

4 

A(BC)3 
+tr + ....... +00-

8 

(b) 9 
(d) none of these 

6. If a, b, c and d are distinct positive real numbers 

such that a and b are the roots of xl - IOcx - lid = ° 
and c and d are the roots of x' - lOax - 11 b = 0, then 

the value of a + b + c + d is 
(a) 1110 (b) 1010 (c) 1101 (d) 1210 

7. The square ABCD where A(O, 0), B(2, 0), C(2, 2), 

D(O, 2) undergoes the following transformations 

successively 

(i) II (x, y) = (y , x) (ii) h(x, y) = (x + 3y, y) 

(iii)j,(x, y) - . Then the final 
x-y x+y 

, 
2 2 

figure is 

(a) a square 

(c) a parallelogram 

(b) a rectangle 

(d) a rhombus 

SECTION-2 

ONE OR MORE THAN ONE OPTION CORRECT TYPE 

8. Ifcosx+ cosy =a, cos2x + cos2y= b, cos3x+ cos3y= c, 

then 

, 2 b 
(a) cos x+cos y=I+-

2 

a2 

(b) cosxcos Y ="2 -
b+2 

(c) 2a 3 + c = 3a(1 + b) 
(d) a + b + c = 3abc 

2 

4 

x dl 
9. If I(x)= f ,x;tO,x;tl, thenflx)is 

x (log t)' 

(a) monotonically increasing in (2, =) 
(b) monotonically increasing in (1, 2) 

(c) monotonically decreasing in (2, =) 
(d) monotonically decreasing in (0, I) 

tanx tdt cot x dt 
10. Let A = f , and B = f (, )' then 

_11+1 -111+1 , , 
1t 

(a) Atx= - ,A+B=I 
4 

(b) A + B = I for all x in 

(c) A + B = I forallxin 

1t 
- ,1t 
4 

(d) A = B for all x 

1t 
0 -, 2 

1t 
0,-

4 
and 2 for all x in 
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x' 
11. If h(x);3! + !(3-x'),\;fx E (3,4), where 

3 

rex) > 0, \;f XE (-3, 4), then hex) is 

(a) increasing in (3/2, 4) 
(b) increasing in (-3/2, 0) 
(c) decreasing in (0, 3/2) 
(d) None of these 

12. The eccentric angles of extremities of a chord of 
x' , 

an ellipse , + Y, ; I are 8, and 8,. If this chord 
a b 

passes through the focus, then 
8, 8, 1- e 

(a) tan-·tan-+ ;0 
2 2 I+e 

8 -8 
(b) cos 1 ';ecos 

2 

8, 8, e+1 
(c) cot - ·cot - ; - --,-

2 2 e-I 
(d) None of these 

13. The normal at a general point (a, b) on curve 
makes an angle 8 with x-axis which satisfies 
b( _a' tan 8 - cot 8); a(b' + I). The equation of 
curve can be 
(a) y; 0"'/2 + c 
(c) y; kex'l2 

2r 

14. If S, ; 
, 

6r -I 

4r3 
- 2nr 

n 

x 

y 

z 

(b) log(ky') ; x' 
(d) x' - y2 ; k 

n(n+l) 

n'(2n+3 ,then the value 

n3 (n+l) 

L. S, is independent of 
r=! 
(a) x (b) y (c) n (d) z 

SECTION-3 

COMPREHENSION TYPE 

Paragraph for Question No. 15 and 16 
Let A, B, C be three sets of complex numbers as defined 
below, 

A ; {z : 1m z > I}; B = {z : Iz - 2 - il = 3} 

C = {z : Re((J - i)z) = .fi} 

15. The number of elements in the set An B n Cis 
(a) 0 (b) 1 (c) 2 (d) = 

16. Let z be any point in A n B n C and let w be any 
point satisfying I w - 2 - il < 3, Then, Izl - I wi + 3 lies 
between 
(a) -6 and 3 
(c) -6 and 6 

(b) -3 and 6 
(d) -3 and 9 
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Paragraph for Question No. 17 and 18 
Define a function <I> : N ..... N as follows: <1>(1) = I, 
<I>(p") = p" - I, if P is prime and n E N. <I>(mn) = <I>(m) <I> (n) 
if m and n are relatively prime natural numbers. 

17. <I>(8n + 4) where n E N is equal to 
(a) <I>(4n + 2) (b) <I>(2n + I) 
(c) 2<1>(2n + I) (d) 4<1>(2n + 1) 

18. The number of natural numbers 'n' such that <I>(n) is 
odd is 
(a) I (b) 2 (c) 3 (d) 4 

so U IONS 

PAPER-I 

1. (a, d) : 2(lsin
2 

x-3sinx+l) + 23-(lsin
2 

x-3sinx+l) :;;;; 9 

Let 2(2sin2x - 3si nx + \) :::: t 

=> t+~;9=>t'-9t+8;0=> t= 1,8 
t 

=> 2sin' x - 3sinx + I = 3 or 2sin' x - 3sinx + 1 = 0 
1 I 

=> sinx = - - ,sinx = - ,sinx = 1 
2 2 

11 
2 . (b,d) : (6x+l)x;1+ cos-

4 

2 -1 1 
6x +x - I;O => x; , -; 

2 3 
- 1 11 [x] 1 0 1 

:, I; f sin 2 dx+ f cos(1l[x])dx; f Idx+ f Idx = 2 

o 0 -I 0 
Also [2a + 9~] = [- I + 3] ; 2 
3. (a,c) : Number of triplets 
(3',3'+ I , 3'+') (0< r< n - 2) is n - 1 

Number of triplets 

(3', 3' + " 3' + 4)(0 < r < n - 4) is n - 3 
, , 

, , 

, 

Number of triplets, 

Number of triplets, 

n- I 
,+ 

3' ,3 ',3,+n-1 (n odd) is 2 

n 
, -+--

3' ,3 ',3'+" (n even) is I 

:. If n is odd, the number of favourable outcomes 

n' -1 
; (n -I) + (n - 3) + .... + 4 + 2 ; ---,-

4 
and if n is even, the number of favourable outcomes 

n n n2 
;(n-I)+(n-3)+ .... +3+I; - x - ; -

2 2 4 

R 'd P b b'l' (n' -I) / 4 3 'f ' dd :. eqUire fO a 11ty = () =- • 1 n IS 0 
n+1 C 2n 

3 



or 
n' /4 3n =,,---_ -_,,_ if n is even 

(n+1) C
3 

2(n' -I) 
- 1 

dx x etan y 
4. (b) : + = _-., 

dy 1+ i 1+ i 
f 1 d 
""-""1:2 Y _I 

I.F. = e 1 + Y :;::; etan y ( -1 )' 
-1 etan y 

:. General solution is x· etan y = f dy 
1+ i 

=> 
_\ e2tan-l y 

x.e lan y = + c1 2 

2xe
tan- 1 Y :; e 2tan- l Y +c I 

:. J(y)=tan- y 

j3 j3 
:. Area = f I tan - I y I dy = 2 f tan -I ydy 

-j3 0 

j3 
=2 (ytan- I y)f - f y,dy 

01+ Y 

11 [ 'Jj3 211 = 2 J3 - 10g(1+ y) = - log 4 
3 0 J3 

5. (b, c) : 

. . tan' x I' tan' x 
hm J(x)= hm - 1m =1 

x ..... o+ x ..... o+ (x' -[xf) x ..... o+ x ' 

As x --> 0+ , [xl = 0 

Also, lim_J(x)= lim_ ,j(x-[x])cot(x-[x]) = JCOtl 
x~o x~o 

- I cot 

/ 

lim J(x) 
,x-?O 

, 
=cot-l(cotl)=1 

6. (a,c) : Let a =2(-2I+Cfj = (+21-2f 

I ii I = 3, Ibl = 3 • 
• • 

:. Vector along bisectors is given by 

:. Required vectors are 

' I ' 1 ' 4 "' 
i- - k - i- - j+k 

= 2 "r==~3=7 ,2 "r=~3 ~3~=c:== 
I ' / 1" 4' 

I' + - - - + - - + I' 
3 ,3/ 3 

7. (b, d) : Domain ofJ = R, Domain g = R - [-1,0); 
because - I <x < 0 thus I + [xl = 0 

:. Domain ofJ- g = R - [- 1,0) 
since e-x > 0 => (1 + [x])y > 0 
Eithery>O=> 1 + [xl >0, or y<O=> 1 + [xl <0 
:. yER-{O) 

8. (8): The 8 vertices of the block gives 8C3 = 56 
triangles, each of which is either acute or right angled. 
Each vertex of the block serves as the vertex of the 
right angle in three triangles whose hypotenuse are 
face diagonals of the block, and three triangles whose 
hypotenuse are space diagonals of the block. Hence 
there are 8(3 + 3) = 48 right triangles and so 56 - 48 = 
8 acute triangles. 

9. (6) : The circles are given as x' + y' = 12 and 
x' + y' - 5x + 3y - 2 = 0 

Common chord AB is 5x - 3y - 10 = O. Let the 
coordinates of P be (a, p) 
Equation of the chord of contact of F(a, P) with respect 
to x' + y' = 12 is xa + yp - 12 = 0 comparing the 
coefficients of common chord AB and chord of contact 
. a p -12 
IS - ;;;;:; ==> a = 6 :. x-coordinate is 6. 

5 -3 -10 
10. (2): 

1 1 1 
---- +---- + ........ +----

1 sin(a2 -all sin(a3 -a2 ) sin(an -an_I) 
=> + + ..... +--'-----"-'-

sind cosal casa2 cosa2 cosa3 
1 

= , «tana, -tanal )+(tana3 -tana,)+ 
smd 

.... +(tanan -tanan_ l )) 

I 1 
= (tan an - tana l ) => k= =2 

sind sind 

11. (1): The function y = J(x) = x' - x + I 

1" 3 I 
- x -_ +_ increases in the interval - 00 

2 4 2' / 

, 
and 

x varying in the indicated interval we have 

3 3 
Y = J(x) > - i.e., y E -, = 

4 4 

12. (6): j'(x) = lim J(x+h)- J(x) 
h-->O h 

= lim f(x)f(h)- f(x) =Iim f(x)[l+hg(h)H(h)-11 

h-->O h h-->O h 

= J(x) lim g(h)· H(h) = 6 J(x) 
h-->O 

13. A - q; B - r; C - P 
(A) Equation of perpendicular bisector of side AC is 
x - Y = I 
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__ -+ __ i'--- y' 2, 

So, centre 0 is (- 1,- 2); Radius;J52 

y 

(B) ,-,-",c+--k----+x 
(-1 .0) 0 

Point of intersection of the two curves are 

-1 .j3 
A - '-'::-

2 2 

- 1 .j3 
and B - ,- --',--

2 2 

So, common chord length AB;.j3 . 

, x' l' 
(C) PIP,;b , + ; 1, so PIP,;4 

4 25 
14. A 7 s; B 7 r; C 7 r; D 7 q 

I ; 4!.5! I ; 5!.5! => !l;2 
(A) I 10! " II! II 11 

3.5.3 3.3 II 1 
(B) II ; .1t, I , ; 21t => -;-

10.8.6.4.2 8.6.4.2 I , 4 

a n 

(C) J j(x)dx ; J(f(x) +j(-x))dx 

- a 0 
n 

4 sin2 X 

:. I; J . 2 2 
o sm X 

1t 

1 1 
----;:::- + dx 
1_e-3x 1_e3x 

= = 

J u-1 J -3 -4 1 => I ; 2 4 du; 2 (u - u )du; 3 
1 u 1 

15. A . r; B . p; C - r; D - q 

(A) y = Icosxl, y = 2[x] 

:. Number of solutions will be O. 
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(B) The number of solutions is 8 

(C) sin3xcosx + sin2xcos2X + sinxcos3x = 1 

==> sinxcosx(sin2x + sinxcosx + cos2x) = 1 

sin2x sin2x 
=> 1 + ; 1 

2 2 
=> sin2x(2 + sin2x) ; 4 => sin'2x + 2sin2x - 4 ; 0 

- 2+,}4+16 
=> sin2x; - ; -1 + J5 (Impossible) 

2 

(D) 21t = 1t ;>Ik 1= 4 
Ikl 2 

PAPER·II 

1. (a) : Equation of the plane through P(h, k, I) 
perpendicular to OP is 

xh + yk + zl ; h' + k' + l' = p'; where, p' = h' + k' + l' 
x y z 

----",+ ,+ , ;1 
p p p 
h k 1 

4 

A;JUl xy )' +(~yz )' + (~u)'; ~ 

p4 p' p5 
2 h' k'l' 2hkl 

Hence, Ar (MBC) ; 
pS 

2hkl 

2. (c) : LetEI : 51 and 5, are in the 5ame group 
E, : 51 and 5, are in the different group 
E : exactly one of the two players 51 and 5, is among 
the eight winners. 

E = (E " E I ) u (E " E,) 
=> P(E) ; P(E " EI ) + P(E" E,) 
=> P(E) ; P(EI)·P(EIEI ) + P(E,) .P(EIE,) 

(14) ! 

(2)7 ·7' 1 
Now P(E); . = _ 

I 16! 15 

E, -f / "-

28 ·8! E 
/E 

2 

1 14 
P(E2); 1 - - ; -

15 15 

Hence P(E);~'1 + 14. p (exactly o n e of eith er 
15 15 51 or 5, wins) 

1 14 1 1 1 1 1 14 1 I 7 8 ;-+_. - . - +-.- =- +-.- =-+- =-. 
15 15 2 2 2 2 IS IS 2 IS 15 15 



3. (b): Put x = rcose, y = rsine 

=> x'+l=r',tane=y 
x 
xdy- ydx , 

=> xdx + ydy = rdr and , =sec ede 

rdr 

dr 

x , , 
a - r 

4. (b): Number of students who gave wrong answers 
to atleast i questions = 2n - i 

Number of students who gave wrong answers to atleast 
n questions = 2° = 1 
Number of students gave wrong answers to exactly i 
questions = 2n - ; _ 2" - (i + I) 

Number of wrong answers 

= ~li(2n-i _2n-(i+l))+(n) = 2047 

1=1 

=> I + 21 + 2' + .... + 2"-1 = 2047 

=> 2" = 2048 => n = 11 

3 4 3 -4 1 0 
5. (a) : BC= => BC= =1 

2 3 -2 3 0 1 

' A' ' A 
:. tr(A) +tr - +tr - + ..... . 

,2 / , 2' 
1 1 

= tr(A) + - tr(A) + - tr(A) + .. .. 
2 2' 

tr(A) 
= =2tr(A)=2(2+1)=6 

1-(1/2) 
6. (d) : Since a and b are the roots of 
x' - 10cx - lId = 0, we have 
(i) a + b = 10c and (ii) ab = - l1d ... (1) 
Also, since c and d are the roots of x' - 10ax 
- 11b = 0, we have 
(i) e + d = lOa and (ii) cd = - l1b ... (2) 
Adding part (i) of Eqs. (1) and (2), we get 
a + b + e + d = 10(a + e) 
=> b + d = 9(a + e) ... (3) 
Multiplying part (ii) of Eqs. (1) and (2), we get 
abed = 121bd => ae = 121 ... (4) 
Also, a' - 10ca - 11d = 0 = c' - 10ca - 11b 
=> a' + e' - 20ca - l1(b + d) = 0 
From Eqs. (3) and (4), we have 

a' + e' - 20(121) - 99(a + e) = 0 
=> (a + e)' - 2 x 121 - 20 x 121 - 99(a + e) = 0 
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=> (a + e - 121)(a + c + 22) = 0 
=> a + e = 121 ; a + e = -22 
Since a, c are positive, a + c '* -22. 
Therefore a + e = 121 and 
a + b + e + d = (a + e) + 9(a + e) = 1210 

7. (c): /J·!,· !,(x, y) = !,f,(y, x) = Ny + 3x, x) 

_ y+3x-x y+3x+x _ ' 2x+ Y 4x+ Y 
, , 

2 2 2 2 , 
:. A(O, 0) --7 A'(O,O), B(2, 0) --7 B'(2, 4), 

C (2, 2) --7 C(3, 5), D(O, 2) --7 D'(1 , 1) 
:. It is easily seen A'B' = D' C, A'D' = B'C, 

A'B' * B'C'. 
Hence, it is neither a square nor a rhombus. 

h I f " 1,41 Furt er s ope 0 AB x AD = -._ *-1 
2 1 

Hence AB is not perpendicular to AD. 
=> It is not a rectangle 
:. ABCD is a parallelogram. 

8. (a, b, c) : (cosx + cosy)' = a' 
==> cos2 x + cos2y + 2cosx cosy = a2 

cos2x + cos2y = b 
=> 2 cos'x - 1 + 2 cos'y - 1 = b 
=> 2[cos'x + cos'yJ = b + 2 

b 
=> cos2x + cos2y = - + 1 
From (1) and (2), 2 

, b+2 
2cosxcosy=a -

2 

h+2 ' 

4 / 
cos3x + cos3y = c 

=> 4 cos3x - 3 cosx + 4 cos3y - 3 cosy = e 
=> 4[cos3x + cos3y] - 3[cosx + cosy] = e 
=> 4[(cosx + cosy)(cos'x + cos'y - cosx cosy)] 

- 3(cosx + cosy) = e 

b+2 1 , b+2 ' 
=> 4 a - - a - - 3a = e 

2 2 2 / 

=> 2ab + 4a - 2a3 + ab + 2a = 3a + e 
=> 2a3 + e = 3a(1 + b) 

9. (a,d): !'(x)= 2x 2 - 1, _ 1 
(logx') (logx) (logx)' 

... (1) 

... (2) 

x 
- -1 
2 

=> j'(x) > 0 => X E (2, =) => j'(x) < 0 => X E (0,2) 

10. (a, b) : Let A + B = fix) 

tanx tdt cotx dt 

= 5, t' + 1 + 5, t(l + t') 
e e 



, tan x 2 1 2 

=> f (x)= tan' x+l· sec x+ cot x(l+ cot' x) (-cosec x)=O 

. IT 
=> f(x) IS constant => f(x) = f -

4 

I tdt I dt I dt 
=> f(x) = f + f = f - = I 

- 1 t' +1 - 1 t(t' +1) - 1 t , , , 
IT 

=> f(x)=1 for all x in 0, _ 
2 

11. (a, b, c): h'(x)=2x {j'(x' i3)-1'(3-x')} 

l' (x' /3) > l' (3 - x') 'd x such that 

1'(x' /3) < 1'(3-x') 'dx such that x' < 9/4 

h(x) increases in (-3/2,0) u (3/2, 4) and h(x) decreases 
in (0, 3/2) 

12. (a,b,c) : Equation of chord PQ is 

x 8 +8 Y 8 +8 
- cos I 2 + - sin 1 2 =(OS 
a 2 b 2 

This passes through focus (ae, 0) 

cos 
81 - 8, 

2 

cos 
81 +8, 

e+1 8 8 
=:::} = cot---'!" cot 2 

e-I 2 2 
. e = .. 

2 

8 8 I-e 
==> tan ---..!.. tan 2 + = 0 

2 2 e+1 

dx 
13. (b, c, d) : Slope of normal, tan 8 =--:

dy 
:. The given equation becomes at a general point (x, y) 

2 Y -x 

yy" -xl y' -xy' + yx' =0 

=> yy'(y'-xy)-x(y'-xy)=O 

:. dy =xy or dy =:: 
dx dx y 

2 

X " => log Y = + c or x - y = c 
2 

x' 
=> y = ke ' or log l = x' -log k 

=> log (kl) = xl 

" L2r x n(n+l) 
r= ! 

n 
14. (a, b, c, d): LS, = 

r=1 

" L(4r3 -2nr) z n3 (n+l) 
r=1 

n(n+l) x n(n+l) 

= n2(2n+3) y n'(2n+3 =0 

n3 (n+l) z n3 (n+l) 
(as CI and C3 are same) 

15. (b): 

y= 1 

+ y=]2 

A is the set of points on and above the line y = I ... (i) 
in the Argand plane. B is the set of points on the circle 
(x - 2)' + (y - I) ' = 9 ... (ii) and 

C = ReO - i)z = Re(1 - i)(x + iy) 

=> x+y=J2 ( ... ) ... III 

Hence A n B n C has only one point of intersection. 

16. (d): Izl - Iwl < Iz - wi and Iz - wi is the distance 
between z and w. Here, z is fixed . Hence distance 
between z and w would be maximum for diametrically 
opposite points. Therefore, 
Iz - wi < 6 => - 6 < Izl - I wi < 6 
=> -3 < Izl - I wi + 3 < 9 
17. (c): <1>(1) = I, <I>(pn) = pn - I(p - 1) 
<I>(mn) = <I>(m) . <I>(n) 
cp(8n + 4) = <I>(4(2n + I) ) = <1>(4) <I>(2n + I) 
= <1>(2)' . <I>(2n + 1) = 2 . <I>(2n + 1) 

18. (b): <I>(n) is odd => <I>(pn) is odd 
=> pn - I(p _ I ) is odd. 

.: p is prime. The only value p can take is p = 2 
:. <1>(2") is odd. 
=> 2" - 1(2 - I) = 2" - I is odd. 
=> n - I =O=> n = 1 

:. <1>(1) = I = <1>(2) 
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FINITE RALS AND 
SEQUENCES SERIES OF 

Class XI Class XII 

." ... 
I"onl nurn ..... 

(cooom;lin) 

If d,' 11,_ ... , lI, is a 
w.jllt'n«,lhon tM 

txp;uulocl ", • ", ~ . 
. ... +~.;'QllNlbt 

~ LI ________ s_um __ ._f _n_t._'_ms-='~f ~~~'-f.-f ~S.~'-'n~------~1 
... .,10. 

.. - ' ' 

" """"C-."" • Sum "I" n~luTOl num"'", L. n '" - 2 

't'" n(1I ~ 1)(20 II) 
• Sum of "'l""'" of n n.tural numbe .. L"'- .. ""--'i.:="-' 

If Ih. '.rm. "r. 
><"<lU''''. or .... 'rlU~ 

u!lde. IP"dfic 
condItion .. tb<n Ih. 

oeq ... nce I. nl~ 

Types of 
Progression 

• 

• 

't" l ..-J(II " It (" )' Sum of<ub.:,of n natu ralm,mh·"' L " " .. ", " • 1 I 1 n _ +_ -t ... __ 
1-1 2-3 II(n+ 1) n-tl 

ltll!unltk: " .. ,tull)II ( .... P.) 

A ~ucnc. whO$<' ' .... m. ;...:rn~ or 
dn:r.,...,.bya.h«l numOO. 
II" '<nn: T." " -+ (II _ I)d 
....... d (common dJlfutnce) 

.. ', : - 1~ .•• " .. fir'Jl lenn. 
.... '.rm from end 

T'~/ _(n _ I)d. .. lI.~ 
• 

' . IUII....., 
S,,," of" kmI. , , 
s" ~ _12<> .. (11 - l)d] .. -I .. -+ I) , , 
:-Oot. 
• J ~,rus In on A.I'." _ d.""" -+ d ..... 2J 
• 4 terms in on AJ'. " - 2J, II - d, ". 

" . <I ... . 2d 
Ra,;'; l' ... p~r1~. 

• If ~" ~,. ~J ....• d. ~rt In A.P. wilh 
common diffcr~nce d, lhtn 

", ± x. d, ± x ...... d . ± ~ art also In 
A.P whtre x il <:onl!ao1. 
lap M, . .... ka .... • 1." in A.P. with 
common dilfcr."", kd, 

~ :'1..?J. 11. , k'l .k ...... k areasoln 

wuh ,""1mO" dilf~","<,. 

, • 1.2+ 2-H __ . • n(n+ I) .. 11(" +1)(11 + 2) , 

GHmetrlc '~tHlIDII [G. ,.) 

A K<I""nu of non·."", numb<n fot ",hi<:h ~ roli<> of a Inm 10 il' ,USI pr«~'nllm11 
i. 11","),> cnn,lanL 
~·I.rm : T." a1" '. w~rr o1common .... 00) ~ T,IT.,. a '" fir1;llem' 

,,·lum from ~nd : r; .. 1/1" '. IE Iaoa I ... m 
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1. If in a triangle ABC, cos3A + cos3B + cos3C = I, 

then one angle must be exactly equal to 
(a) rr/ 3 (b) 2rr/3 (c) rr (d) rr/6 

2. 
10 rrr 

The value of L cos3 is equal to 

r=O 3 

-9 - 7 - 9 - I 
(a) (b) (c) (d) -

2 2 8 8 

3. The value of sin' 10' + sin3 50' - sin3 70' is equal to 

3 
(a) -

2 
(b) ~ 

4 

3 (c) -_ 
4 

(d) _ 3 
8 

.. ALOK KUMAR 

(a) 6+.fj :6-.fj (b) 2+,[3 :2- ,[3 

(c) 5+j6 :5-j6 (d) 4+J3 :4-J3. 

3 
n I1C

r
_

1 25 . 
If L 8. = - , then n IS equal to 

nCr + nCr _1 
24 

r= O 

(a) 3 (b) 4 
(c) 5 (d) 6 

9. j(x) = Max{sinx, cosx} 'd x E R then range of j(x) is 

(a) - I (b) -I I 
.fi ' I .fi ' .fi 

4. Sum of integral values ofn such that sinx (2sinx+ (c) [- I, I] (d) <I> 

cosx) = n, has at least one real solution is 

(a) 3 (b) I (c) 2 (d) 0 

S. If a , [3, yare the roots of the equation X' + px + q = 0, 

a [3 y 

then the value of the determinant [3 • y a IS 

(a) 4 (b) 2 (c) 0 

y a [3 

(d) - 2 

6. One vertex of an equilateral triangle is at the origin 

and the other two vertices are roots of 2; + 2z + k = 0, 

then k is 

(a) I (b) ~ 
3 

2 
(c) -

3 
(d) 

I 

2 

7. If the arithmetic mean of two positive numbers a 

and b (a > b) is twice their G.M., then a: b is 

10. If j(x)=.jcos(sinx) +.jsin(cosx),then the range 

of j(x) is 

(a) [,jr~o-s"OI,,J sin I J (b) 

(c) [I - ,J cos I, ,J sin I] (d) 

[.,J cos I , 1+ .,J sin I J 

[.,Jcosl, IJ 

11. For each positive integer n, let 

3 4 5 n+2 
sn = + + + ..... + ( ) ( ) 

1.2.4 2.3.5 3.4.6 n n + I n + 3 

Then lim 5/1 equals 
"-.~ 

(a) 29 
6 

12. lim 

(b) ~ 
36 

1 

(n !)" 
equals 

n----too n 
(a) e 
(c) e-' 

(c) 0 

(b) e-1 

(d) e' 

(d) 29 
18 

... Alok Kumar, a B.Tech from lIT Kanpur and INMO 4th ranker of his time, has been training liT and Olympiad aspirants for close to two decades now. 
His students have bagged AIR 1 in liT JEE and also won medals for the country at IMO. He has also taught at Maths Olympiad programme at 

Cornell University, USA and UT, Dallas. He has been regularly proposing problems in international Mathematics journals. 
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13. Let 'f be a real valued function defined on the 
x 

interval (- 1,1) such that e- x ·j(x)=2+ fJt4 +1 dt 
o 

'if x E (- 1, 1) and let 'g' be the inverse function of]'. 

Then g'(2) equals 
(a) 3 (b) 1/2 (c) 1/3 (d) 2 

14. Let j: R --; R be a differentiable function satisfying 

j(y)j(x - y) = j(x) 'if x, Y E Rand j'(0) = p,f'(5) = q, then 

j(5) equals 

(a) P' /q (b) p/q (c) q/p (d) q 

15. The domain of the derivative of the function 

j(x) = 

tan- l x if Ixl < I 

I 
- (ixl - 1) 
2 

iflxl>1 

• 
IS 

(a) R - {O} (b) R - {I} 
(c) R - {- I} (d) R - {- I , I} 

16. M is the mid point of side AB of equilateral triangle 

ABC. Pis a point on BCsuch thatAP + PM is minimum. 

If AB = 20 units then AP + PM is 

(a) 10.j7 (b) 10J) (c) 10.j5 (d) 10 

17. The orthocentre of the triangle formed by the lines 

AB, AC and BC given by x + y = I , 2x + 3 Y = 6 and 

4x - y + 4 = 0 respectively lies in 
(a) I quadrant (b) 11 quadrant 

(c) III quadrant (d) IV quadrant 

18. The complete set of values of 'a' for which the point 

(a , a' ), a E R lies inside the triangle formed by the lines 

x - y + 2 = 0, x + y = 2 and x-axis is 
(a) (- 2,2) (b) (- I , I) - {O} 

(c) (0, 2) (d) (-2,0) 

19. Equation of circle touching the line Ix - 21 + [y - 31 = 4 

will be 
(a) (x - 2) ' + (y - 3)' = 12 

(b) (x - 2)' + (y - 3)' = 4 
(c) (x - 2) ' + (y - 3) ' = 10 
(d) (x - 2)' + (y - 3)' = 8 

20. If two distinct chords, drawn from the point 

(p, q) on the circle x' + y' = px + qy (where (pq '" 0» are 

bisected by the x -axis, then 

(a) p' = q' (b) p' = 8q' 
(c) p' < 8q' (d) p' > 8q' 

21. If a is a root of x 4 = 1 with negative principal 

argument, then the principal argument of ~(a) where 

1 1 1 

~(a)= an an+l an+3 • 
IS 

I I 
0 

a n+1 an 

(a) 511/4 (b) - 311/4 (c) 11/4 (d) - 11/4 

a' +A' ab+cA ea-b~ A e 

22. If ab - eA b' +A' be + aAi - e A a 

ae+bA be-aA e2 +A2 b -a A 

= (1 + a' + b' + e' )3, 
then A is equal to 

(a) 0 (b) I ( c) - I (d) +1 

23. If the area of the rhombus enclosed by the lines 
Ix + my + n = 0 be 2 square units, then 
(a) I, 2m, n are in G.P (b) I, n, m are in G.P 
(c) 1m = n (d) In = m 

24. An equilateral triangle has its centroid at origin 

and one side is x + Y = 1. The equations of the other 
sides are 

(a) y+I=(2+.j3)(x+l) 

(b) y + 1 = (2 +.j3)x, y+ 1 = (3+.j3)x 

(c) y+I=(3+.j3)(x-I),y+I=.j3x 

r:; .j3 -I 
(d) y+I=(3±,,3)(x- I),y+l= r:; (x+l) 

,, 3 + I 
,3 , 

25. If j(x)=x +x+- andg(x) =x +ax+lbetwo 
4 

real functions, then the range of a for which g(f(x» = 0 
has no real solution is 
(a) (- = , - 2) (b) (- 2, 2) 

(c) (- 2,=) (d) (2, =) 

nsin9 ntan8 
26. lim + where [x] 

. - IS -
8 8 8--.0 lL 

greatest integer < x and n E I 
(a) 2n (b) 2n + I 
(c) 2n - I (d) 0 

27. If the equation sin' x - a sinx + b = 0 has only one 
solution in (0,11) , then which ofthe following statements 

is correct ? 
(a) a E (-= ,I]u (2, = ) (b) b E [1 ,=) 
(c) a = 2+b (d) None of these 

28. If area of triangle formed by tangents from the 

point (Xl ' Yl) to the parabola y' = 4ax and their chord of 

contact is 
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(a) 

(e) 

(yf - 4ax
l 

)31Z 

2i 
(yf - 4axl )31Z 

2a 
(d) none of these 

29. If n > 3 and I, at> U2' u 3 • ... , all _ I are n roots of 

unity, then value of L aiaj is 
l<i<j<rI~l 

(a) 0 (b) 1 (e) - 1 (d) (-1)" 

30. If Co, CI ' C" ... , Cn are the binomial coefficients in 

the expansion (1 + x)", n being even, then Co + (Co + 

C I ) + (Co + CI + C2 ) + ... + (Co + CI + Cz + ... + Cn _ l) is 

equal to 
(a) n 2" 
(c) n·2,,-1 

(b) n· 2" - I 

(d) n·2"- z 

SOL TlONS 

I. (b): Given, cos3A + cos3B + cos3C = ] 

=} eos3A + eos3B + eos3C - 1 = 0 

=} eos3A + cos3B + cos3C + eos311 = 0 

=} 2eos 
3A+3B 

2 
cos 

+ 2cos 

3A-3B 

2 

311 + 3C 

2 
eos 

311- 3C 

2 

311- 3C 

2 

3A - 3B 311 + 3C 
=> 2eos 

==> 2 cos 
311 

2 

cos + cos 
2 2 

3C 
2eos 

311 + 3C + 3A - 3B 

2 4 

311 + 3C - 3A + 3B 

=0 

=0 

'cos =0 
4 

==> 2 cos 
311 

2 

3C 
2eos 

2 

311 3B 

2 2 

311 3A 

==> - 4sin 

• sm 

3A 

3A 

2 

3A • sm 
2 

• 3B 
sm 

2 

3B 

. cos 

3B 

2 

• sm 

2 

• sm 

3C 

2 

3C 

3C 

2 

=0 

• 
• • = 1[ or = 1t or =11 

2 

:. A = 211 
3 

2 

or B = 211 
3 

2 

or C= 211 
3 

10 lIr 
2. (d): Let I = L cos3 

-
3 r=O 
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2 

=0 

=0 

10 1 
-~ - LJ -

4 r=O 

1tr 'Ttr 
cos 3 + 3 cos--;;-

3 3 

10] lIr 1 
= L - cosllr + 3eos =- (II + I z) 

r=O 4 3 4 
10 

where II = L eos lIr = 1 - 1 + 1-1 + ..... - 1 + 1 = 1 
r=O 

10 3 cos 
1011 • 1111 

sm --
~ lIr 

I z = 3 LJ cos = ---'---=---
3 

2 3 6 

11 
r=O 

1 
:. 1=_ 

4 

3 1-_ 
2 

• sm-
6 

1 
=--

8 

3 -- -
2 

3. (d): We have, sin310° + sin350° - sin370° 

1 (3sinl0° - sin 30°) + (3sin 50° - sin 150°) 
- -

4 -(3 sin 70° - sin2100) 

=~ 3(sinl00+sin500 -sin700)- 3 
4 2 

] . . 3 3 
=- 3(sml00-2cos600'smI00)-- =--

4 2 8 

2 2sinxcosx 
4. (a): We have, 2sin x + = n 

=} sin2x - 2cos2x = 2n - 2 

=} -JS < 2n - 2 < JS 
I_ JS <n<l+..[s 

2 2 

2 

5. (c): Sinee a, ~, yare the roots of x3 + px + q = 0 

:. a + ~ + y = 0 
Applying C I --> C I + Cz + C3, then we get 

a+~+y ~ y 0 ~ y 

- 0 y =0 

o a ~ 

6. (c): Given, 2:> + 2z + k = 0 

-2 +../4 - 8k 
z = -----'.--• 

• • 

4 
Since 'z' is a complex number 

:. 4 - 8k will be negative =} 
1 

k> -
2 

-1 ..!2k-l 
Now, (0, 0), ,--

- 1 - 1 r.:-;---: 
- ,-.jzk-l 

2 2 

vertices of the triangle. 

Sinee triangle is equilateral 

2 2 
are the 



1 1 
:. 4 (2k-l)+ 4 =(2k-l) 

=> k = 2/3 

a+b =b 7. (b): Given, =2" au 
2 

=> a + b - 4J ab = 0 
r-

=> : + 1- 4 ~ = 0 (dividing by b on both sides) 

r- 2 
a a 

=> - -4 - +1=0 
b b 

a 4+2,/3 
Hence, - = = (2 + ,/3) 

b 2 

. a_2+ ,/3 .. - -
b 2 - ,/3 

rIc 
8. (c): Let t = ,-I 

'" " 
rIC 

_ r - i_ - -
C, + C,_I 

r 
n+lC n + 1 n 

r Cr - 1 
. t = --;
.. , n + 1 

r 

n 3 M , 3 In3 
Now, s= L,{t,} = L, 3 = 3 L,r 

, =0 , =0 (n + 1) (n + 1) , =0 

1 
=> S= --, 

(n + 1)3 

2 
n(n + 1) 

2 
- --:-;-----:;-

4(n + 1) 

Now, S = 25 (given) which is only possible for n = 5. 
24 

9. (a) : 
y 

..! 
1 [ .fi 

/ "\ '\ 
/0 , , '-.. X 

1 - 1 -72 
fix) = max {sinx, coul 

y 
1 

1 [ .fi 
/ '\ / .~ '\ 

0 
'f ........ 

- ..! 
.fi 
r 1 

Required range = - Ii' 1 
L 2 _ 

V 

/ '\ 
x 

/ '" 

/ '\ 
x 

" 

10. (b): Period of j (x ) is 2n, but j(x) is not defined 

for x E (n I2, 3nI2). H en ce it suffi ces to consider 

X E [- n I2, n I2]. Further since j(x) is even, we consider 

x E [0, nI2]. 

Now, ~rco-s'(s~in-x') and ~sin(cosx) are decrea s ing 

fun ctions for x E [0, nI2]. 

=> RF = [f(nI2),f(0)] = [J cos 1, 1+ J Sin 1 ] 

k+2 
ll . (b) : Let uk =...,-;-;---:-;-;-;;--,--;;-; 

k(k + 1)(k + 3) 
(k + 2)2 

- -,--,-,-----,~----,-,..,.,-----= 
k(k + 1)(k + 2)(k + 3) 

k2 + 4k + 4 k(k + 1) + 3k + 4 
= k( k + 1) (k + 2) (k + 3) = 7k (;-C"k-+-;-;1 ):7.( k-+--:2:;C) (C;-k -+ -;:-;3 ) 

1 3 
- (k + 2) (k + 3) + 7.( k-+--:l-;-;)(-=-k -+ -='2 )c:7( k;-+-3"') 

4 
+ 

k(k + l)(k + 2)(k + 3) 

1 1 3
r 

1 1 - - - -- -

-

k+2 k+3 2 L (k + 2)(k + 3) (k + l)(k + 2) _ 

4 1 1 
- --

3 (k + I)(k + 2)(k + 3) k(k + I)(k + 2) 

Now, put k = 1,2, 3, .... , n and add. 

Thus, Sn = U I + Uz + ...... + Un 

11 ' 3 1 1 -
- - - -- --::-:: 

3 n+3 , 2 (n + 2)(n + 3) 2·3_ 

4 1 1 - - - ---,--, 
3 (n + 1)(n + 2)(n + 3) 1.2.3 

1 3 4 29 
Therefore lim 5 = - +- +- = ,,--.= n 3 12 18 36 

1 1 -
(n !)n 

12. (b): Let P =-- -
n 

• .. 
1 " r ' 

log P = - L,log -
n r=1 n 
1 

-
(n !) " 

n" 

=> log P = :;!ogx dx => log P = - 1 => P = e- I
. 

o 
13. (c) : Differentiating given equation we get 

e-x'j'(x)-e-X .j(x)= J I+x 4 ... (i) 

Since (gof) (x) = x as 'g' is inverse off 
=> g[f(x )] = x => g[f(x)lf'(x) = 1 

=> '[j(O)] - 1 => '(2) _ 1 
g - j'(0) g - 1'(0) 

(Here j(O) = 2 obtained from given equation ) 

MATHEMATICS TODAY I MAno G 



Put x = 0 in (i), we get 1'(0) = 3. 

1 
:. g(2) = _. 

3 

14. (e) : When y = 0, f(O) - 1 and when x = 0, 
1 

f(-y) = fey) 

Hence f(x + y) = f(x)f(y) 

1'(x) = lim f(x + h) - f(x) = f(x) lim f(h) -1 
h-.o h h-.o h 

= f(x).j'(O) = pf(x) 

Put x = 5 in above equation we get,f(S) = .'i 

15. (d): The given function is 

f(x) = 

=} f(x) = 

tan- Ix if Ixl<l 
1 -(lxi-I) 
2 

if Ixl>I 

1 
- (-x-I) if x<-I 
2 

- 1 tan x if -I<x<1 

1 
- (x - 1) if x > 1 
2 

p 

Clearly L.H.L at (x = - 1) = lim f( -1 - h) = 0 
h-.O 

R.H.L. at (x = -I) = lim f(-I + h) 
h-.O 

= lim tan -1 (-1 + h) = - 1t / 4 
h-.o 

Since L.H.L '" R.H.L. at x = - 1 
:. f(x) is discontinuous at x = - 1 
Also we can prove in the same way that f(x) is 
discontinuous at x = 1 
:. f(x) can not be found for x = + 1 or domain of 

r(x) = R - {- I , I}. 

16. (a) : Take the reflection of MBC in BC 
Now, PM = PM' A 

PA + PM = PA + PM' it is 

minimum when M' PA lies 

in a line. B .'---..;:e--;..... --~. c 
Now apply cosine rule in 

MBM', 

we get AM' = 1O,fj. 

• • • 
• • • 

• • • •• 
M" . 

• 
• 

• 
• 

• 
• 

• 
• 

• 
• • 

• • 
A' 

17. (a): Coordinates of A and Bare (-3, 4) and 

3 8 
- - -

5 ' 5 . 

If orthocentre is P(h, k), then 
(slope of PAl x (slope of BC) = - 1 
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k - 4 
=} ~~ x 4 = -I =} 4k - 16 = - h - 3 

h+3 
=} h + 4k = 13 
And (slope of PB) x (slope of AC) = - I 

=} 

=} 

k_ 8 

_ -:<5 x _2 =-1 
3 3 

h+ -
5 

sk -8 2 
-:-:-.,-" x _ = 1 
sh+ 3 3 

=} 10k - 16 = ISh + 9 

y 

o 

... (i ) 

=} ISh - 10k + 25 = 0 

=} 3h - 2k + 5 = 0 

x+y= 1 

Solving (i) and (ii) , we get h = 3, k = 22 
7 7 

Hence, orthocentre lies in I quadrant. 

18. (b): y x - y +2= O 

x 

x+y - 2 =O 

(a, a2
) lies on y = ,;-

a - a2 + 2 = 0 =} a = - I, 2 

a + a2 
- 2 = 0 =} a = 1, - 2 

19. (d): Perpendicular distance 

from centre to tangent = radius 

12+3-91 
r= 

Ii 
= 4 = 4/i =2Ii 

Ii 2 
Equation of circle is (x - 2)2 + (y - 3)2 = 8 

... ( ii ) 

20. (d): Let PQ be a chord of the given circle passing 

through pep, q) and Q(x, y). Since PQ is bisected by 

the x-axis, the mid-point of PQ lies on the x-axis which 
• glves y = -q 

Now Q lies on the circle 
2 2 x +y - px-qy=O 

So x2 + q' - px + q' = 0 

=} x2 
- px + 2q' = 0, ... (i) 

Which gives two values of x 
and hence the coordinates of 

--x 
Q 

two points Q and R (say), so that the chords PQ and 

PR are bisected by x-axis. 



If the chords PQ and PR are distinct, the roots of (i) 

are real distinct. 

H d··· '8' 0 ence, lscnmmant = p - q > 
=> p' > 8q' 

21. (b): Clearly a = -i, where i' =-1 

I I I I 
I 

I 
. 

Now, l>.{a) = an I a a 3 - I -, 
an 

I • I , 
- I 0 
a 

I 
. , 

= I{-i) + l{i') + (I + i') = - I - i 

So, principal argument of l>.{a) is _ 3rr 
4 

c 

22. (b) : If l>. = -e A a then other determinant 

b -a A 

(say l>.l ) is the cofactor determinant 

Since, l>.l>.l = l>.3(for 3,d order det) 

.: l>. = A(A' + a' + b' + e') 
• 

• • By comparing we get A = 1. 

23. (b): By solving the equations of sides of the 

rhombus, the vertices are 

-n 
0, -

m 

, 

, 
-n 
""7",0 
I 

I ' 2n 
:. Thearea= - -

2 , m 

n 
0, 

m 

n 
, - ,0 

I 

, 

,. 
2n 2 
- =2 => n =lm 
I 

24. (a) : Third vertex 'A' lies on x - Y =0 and in III 

quadrant 

Perpendicular distance from (0,0) to x + Y =1 is 

:. Ao=fi => A(-I, -I) 

If m is the slope of other side, 

=> m=2+.J3 

m+1 
tan60o= -

I-m 

. 2 3 121 1 
25. (c). j(x)=x +x+-= x+ - + - >-

4 2 2 2 

Now, g(j(x» = (j(x»' + aj(x) + I, for g!j(x» = 0 

1 
a= - j{x)+ <-2 

j{x) 

• 
• • If a > -2, g!j(x» = 0 has no solutions . 

1 

fi 

sinS 
26. (c) : ....., 1 as S ....., 0 but < 1 

S 

• 
• • 

nsinS 

S 
=n-I 

Also 
ntanS 

S 
=n 

tanS 
.: .....,1 asS.....,Obut> 1 

S 

27. (a) : sin'x - a sinx + b = 0 has only one solution 

in (O, rr) . 

==> sinx = 1 gives one solution and sinx = ex gives 

other solution such that a > 1 or a < 0 

=> (sinx - I ) (sinx - a) = 0 is the same equation as 

sin2x - a sinx + b =0 

=> I + a = a and a = b 
=> 1 + b = a and b > 1 or b < 0 

=> bE {-=, 0] u (I, =) and a E {-=, I] U (2, =) 

28. (e) : Let A{XI' Yl) be any point outside the parabola 

and B{ a, ~) , C{ cr, W) be the points of contact of tangents 

from point A. Equation of chord BC is YYl = 2a{x + XI) 

Length of the perpendicular (AL) from A to BC 

Y? - 4axl -

Jy? +4a
2 

1 
Now, area of !>.ABC =- x (AL x BC) 

2 

.: BC= {{y~ -4axI){Y~ +4a')}112 

a 

29. (b) : x" - 1 = (x - l){x - al){x - a,) ... (x - an _ I) 

" ,, -l{ ) = x - x 1 + al + ... + an _ I 
,,-2 

+x 

=> L a ia j +al +a2 +···+a,,_1=0 
l<i<j<n - 1 

=> L a·a · =1 
l<i<j<n-l t } 

+ ({Co + CI ) + (Co + CI + ... + C,,_,)} + ({Co + C, + C,) , 
n 

+ {Co + C1 + ... + Cn _ 3ll + ... to - terms 
2 , 

={CO+C1 + .... .. Cn )X
n

=n.2"-1 
2 
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1. Given that XI + x, + x3 = 0, YI + y, + Y3 = 0 and 

XlYl + x2Y, + X3Y3 = o. Then , , 
xI YI , , ,+, 2 ,-

xl + X, + x3 Yl + y, + Y3 

1 (a) _ 
3 

n 

(b) 2 
3 

(c) 1 (d) ~ 
3 

2. Lr(r+l)(r+2) ... (r+p)=(where nand pare 
r=l 

positive integers) 

(a) n(n+l)(n+2) .... (n+ p +l)_( +1)1 
(p+2) p 

(b) n(n+l)(n+2) .... (n+p+l) 

(n+p+2) 

(c) n(n+l)(n+2) .... (n+ p) 

(p+2) 

(d) n(n+l)(n+2) .... (n+ p) 

(n+ p+2) 

3. Let z = (18 + 26i) and Zo = a + ib is the cube root of 
z having least positive argument then a + b = 

(a) 1 (b) 2 (c) 3 (d) 4 

4. Consider the two lines Llo L, and a circle C 
LI : 2x + 3y + P - 3 = 0, L,: 2x + 3y + P + 3 = 0 
C : x' + I + 6x + lOy + 30 = 0, (p E 1) 
It is given that at least one of the lines Llo L, is a 
chord of C then the probability that both are chords 
of C is 

2 
(a) -

7 
(b) ~ 

7 

x 2 +e 
5. Letj(x)=log -::-,

X +1 

4 
(c) 

7 
(d) 2 

7 

md g(x)=Jsin j(x) +Jcos j(x),then range ofg(x) is 

• 

(a) (1,2 3/4] 

(c) (nl/' , n3/4) 

(b) (2 112 ,23/4] 

(d) (e l/', n l" ] 

6. If the parabola Y = ax' + bx + c has vertex at (4, 2) 
and a E [1,3] then maximum value of product (a b 
c) is 

(a) 144 (b) 12 (c) -12 (d) -144 

7. For p 2: 2, the equation 

J2P+I-X' +J3x+p+4=JX'+9X+3p+9 has 

(a) exactly 1 real root 

(b) exactly 2 distinct real roots 

(c) exactly 3 distinct real roots 
(d) no real roots 

8. Iff: R -; R, g: R -; Rand j(x) + j"(x) = -xg(x)j'(x) 
and g(x) > 0 V x E R then f(x) + ({'(x»' has 

(a) a minima at x = 0 
(b) a maxima at x = 0 

(c) a point of inflexion at x = 0 
(d) data insufficient 

9. All bases of logarithms in which a real positive 

number can be equal to its logarithm is! are 
(a) (0, 1) U (1 , el/,] (b) (1, e) 
(c) (1, el12) (d) [el l', e') 

10. Letf(x)= lim 1 .J(eXH 
-eX)(log(l+t»' dt 

m->O m4 
0 3+2t3 

then j(log3) = 

1 
(a) - (b) 1 

3 2 

1 (c) _ 
4 

(d) ~ 
12 

11. The non-negative real numbers x,(r = 1 to 5) satisfy 
the following relations: 

5 

(1) Lr.x, =a 
r=l 

5 

(2) Lr3x, =a2 and 
r=l 

By: Tapas Kr. Yogi, Visakhapatnam Mob: 09533632105 
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(3) L, r 5 
Xr = a3

, then number of possible values 
r=1 

of a is/are 
(a) 0 (b) 1 (c) 6 (d) 12 

= k' ~ I -1t 
12. Let ,L, caC - = , n E I then n = 

k=1 S n 
(a) 1 (b) 2 (c) 4 (d)S 

13. The natural number n for which 2' + 21' + 2" is a 
perfect square is 
(a) 11 (b) 12 (c) 14 (d) 15 

14. If f(x) is a differentiable function defined't/ x E R 

.fi 
such that (f(X))3 = x - j(x) then f r l (x)dx = 

o 
(a) 1 (b) 2 (c) ,fi (d) 2.[i 

e{X' } -1, x > 0 

15. Let f(x)= 0, x=O 

sinx- tanx+cos x-l 
2 ,x<O 

2x + tanx + log (x + 2) 

LinesL, andL, representtangentandnormal to curve 
Y = j(x) at x = O. Consider the family of circles 
touching both lines LI and L2. Then the ratio of the 
radii of two orthogonally circles of this family is 

(a) 2+,fi (b) 2+../3 (c) 2-,fi (d) 2-../3 

16. Suppose a and b are single digit positive integers 
chosen independently and at random. The 
probability that the point (a, b) lies above the 
parabola Y = ax" - bx is 

(a)!2 (b) 19 
SI SI 

(c) 21 
SI 

(d) ~ 
SI 

17. Let f(x) = ax" + bx + c, a, b, eEl. Let j(1) = 0, 
f(7) E (50, 60),j(S) E (70, SO) then j(2) E 
(a) (-2,0) (b) (0,10) (c) (1 , 12) (d) (20,30) 

18. In !lABC, H is the orthocentre and AH· BH· CH = 3 
and AI-f' + BI-f' + CH2 = 7 then sum of the possible 
circumradius (R) of the !lABC is 
253 

(a) (b) - (c) -
522 

SOLUTIONS 

1. (b): Consider three vectors 

(d) 2 
3 

iii = (xI' x2,x3)' ii:l = (YI'12'Y3) and ii3 =(1,1,1). 

From the given data, 

iil·ii:l =0,ii:l·ii3 =0 and iil'~ =0 

i.e., 111'"2 and n3 are mutually J..r vectors. 
2 2 

XI YI 1 
Now, 2 2 2' 2 2 2 and _ are the squares 

XI + x, + x3 YI + y, + Y3 3 

of the projections of the vector (1, 0, 0) onto the direction 

of iiI' ii:l, ~ respectively and hence their sum = 1 
2 2 

. XI YI 1 
I.e., 2 2 2 + 2 2 2 +- = 1 

XI + x, + x3 YI + y, + Y3 3 

2. (a) : Since r(r + 1) ..... (r + p) = (p + I)! r + PCp + I 
= (p + I)! [r+ p + ICp + 2 - r + PCp + ,] 

and required sum = (p + I)! [" + p + ICp + 2 _ ,] 

n(n+l) ..... (n+ p+l) ( ) 
= - p+l! 

p+2 

3. (d): z = IS + 26i = 10JlO [casi3+isini3] 

13 8 1 
where tan8= - => tan - = -

9 3 3 

and Zo =ZI/3 =JIO [cas(8/3)+isin(8/3)] 

3 i . 
Zo =JIO JIO + JIO =3+1 

10 10 

4. (b): For LI to be a chord of the circle, possible integral 
value of pare {17, IS, ... , 31} . Similarly, for L, to be a 
chord, possible integral value of pare ill, 12, ... , 25}. 

So, in total possible p = 21 and common values are 9. 

. . 9 3 
Hence, probablhty = - = -

21 7 

x2 +e 
2 E[I,e] 

x + 1 
5. (a) : Notice that 

Hence, f(x) E (0, 1] 

So, g(a)=Jsina +Jcosa, aE(O,I] 

tea) = 0 gives a = 1t/4 
So, g(x) E (1, 23/4] 

- b - D 
6. (d): From given data, =4and =2 

2a 4a 
So, c = 2 + 16a 
and E = abc = -16(a' + Sa3) 

dE 2 
So, = -16(2a+24a )<0, foraE[I,3] 

da 
Hence, E max. = - 16(12 + S·1 3) = - 144 

7. (b): Let h = x" + x - p, then given equation becomes 

~(X +l)2 -2h +~(x+2)2 -h =~(2x + 3)2 - 3h 

Simplifying further, h[2h - 2(x + 2)2 - (x + 1)2] = 0 
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If 2h - 2(x + 2)' - (x + 1)' = 0 then above square root 

equation is invalid. Hence, only h = 0 possible. So, now 
above equation becomes 

IX+ll+lx+21= 12x+31 => xi (-2,-1) 
Hence, the number of real solutions of h = xl + x - p = 0 

1 
which are not in (-2, -1) is zero if p<-_, one if 

1 4 
P = - 4 or p E (0,2) and two otherwise. Hence, exactly 

-1 
2 real roots for p E -, 0 u [2, =). 

4 

8. (b): Let hex) = (f(x»' + If'(x»' 
So, h'(x) = -2x g(x) ·If'(x»' 

9. (a): We require a E R - {I} such that x = log"x 

logx 
i.e. f(x) = = loga 

x 
rex) = 0 => x = e 

So, max.f(x) = fee) = l ie. So, amax . = ell' 
Hence, a E (0, 1) U (1, ell,] 

feet -1)'(log(l+t))' dt 

x 2t3 + 3 0 ' 
10. (e) : f(x) = e . lim -"0 ___ -,----__ _ 

m----tO m4 0" 

f(x)=ex . lim (em -1)'(log(l+m»' 

m--70 (3+2m3 )·4m3 

f() 
x l' em - 1 f log(l+m) " 1 I 

==> X =e . 1m . ' ---,-
tIl----tO m m / 4 3+2m3 

eX 3 1 
=> f(x)=-, so, fOog3)= -=-

12 12 4 

11. (e) : Notice that 

± r(a-r'l' x, =a' ± r·x, -2a ± r3x, + ± r5x, 
r=1 r=1 r=1 r=1 

= a'(a) - 2a(a') + (a3) = 0 

Since, L.H.S. terms are non-negative. 
Hence. each term in L.H.S. is zero. 
So, possible values of a are {O, 1,4,9, 16,25] 

k' ' 
12. (e) : Tk = coCI 

-
8 

-I 8 
= tan 

k' 

( 

-I = tan 
2 

k2 

1+ - - 1 
4 

1 k -I k =tan- -+1 -tan --1 
2 _ , 2 ( 
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13. (b): 28 + 2" + 2" = 28(9 + 2" - 8) 

Hence, 9 + 2" - 8 should be a perfect square. 
So, 9 + 2" - 8 = k' (say) i.e. 2" - 8 = (k + 3)(k - 3) 

So, (k + 3) and (k - 3) are both powers of 2. 

=> k = 5 being the only possibility. Hence, n = 12 

14. (b): (f(x»3 + fix) = x. Hence,f- I(x ) = x3 + X 

-sinh +tanh +cosh - l 
15. (b): L.H.D. = lim ---:-,' _--:---:---:-----:-:

h--7O 2h - tanh+ log(2 - h) 

h' e - 1- 0 
and R.H.D. = lim = 0 

h--70 h 

Hence, LI = Y = 0 and L, = x = O. 

1 
x_ =0 

h 

16. (b): If (a, b) lies above the curve then b > yea) 

a3 

i.e.,b>a3 - ba => b>- --, 
a+l 

'The only possibilities are a = 1, 2, 3 
For a = 1, b = 1, 2, 3, .... 9 

For a = 2, b = 3, 4, .... 9 
For a = 3, b = 7, 8, 9. So, in total there are 19 points 
out of 9 x 9 = 81 points. 

Hence, required probability = 19 
81 

17. (a) :f(1) = 0 => a + b + c = 0 
f(7) E (50,60) => 50 < 49a + 7b + c < 60 

25 
or 50 < 48a + 6b < 60 i.e.,8a+bE - ,lD 

3 
i.e.,8a+b=9 
Similarly, 9a + b = 11 

Hence, a = 2, b = -7, C = 5 
i.e., fix) = 2x' - 7x + 5 => f(2) = 8 - 14 + 5 =-1 

18. (b): If MBC is acute, then Cosine rule gives, 
AB' = AH' + BI-f2 - 2AH . BHcos(rr - C) ... (i) 
and AB = 2RsinC, CH = 2RcosC 
=> AB2 + CH' = 4R' ... (ii) 
From (i) and (ii) , 

4R2 =AH2 + BH2 +CH2 + AH ·BH ·CH 
R 

2 3 . 3 
Now, A.T.Q., 4R = 7 + - I.e., 4R -7 R - 3 = 0 

R 

i.e., (R + 1)(2R + 1)(2R - 3) = 0 
Since, 3 = AH . BH . CH < (2R)3 => R = 1 

Similarly when DoABC is obtuse, we have R =~ 
2 

So, sum of possibilities of R =~ + 1 =~ 
2 2 



1. Two unequal circles of radii Rand r touch 

externally, and P and Q are the points of contact of 

a common tangent to the circles, respectively. Find 

the volume of the frustum of a cone generated by 

rotating PQ about the line joining the centres of 

the circles. 

2. Let n > 2 be a natural number. Show that there 

exists a constant C ~ C(n) such that for all real 

n 

xi"'" xn > 0 we have L~ < 
k=1 

Determine the minimum C(n) for some values of n. 

3. Find all real coefficients polynomials p(x) satisfying 

(x _I)' p (x) ~ (x-3)' p(x+2) for aU x. 

7 
4. Prove that: 0 < yz + zx + xy - 2xyz < - , 

27 

where X, y, z are non-negative real numbers for 

which x + Y + z ~ 1. 

5. Find the value of the continued root: 

4 +27J 4+ 29J4 + 31J4+ 33r.. 

6. A hexagon is inscribed in a circle with radius r. Two 

of its sides have length 1, two have length 2 and the 

last two have length 3. Prove that r is a root of the 

equation 2r3 - 7r - 3 ~ O. 

7. Let k > 2 be an integer. The sequence (xn) is defined 
k 

xn + 1 c 
by Xo :::: Xl :::: 1 and Xn+l:::: lor n > l. 

X n_1 

(a) Prove that for each positive integer k > 2 the 

sequence (xn) is a sequence of integers. 

(b) If k ~ 2, show that xn+1 ~ 3x" - xn_1 for n > I. 

8. If for every positive integer n,f(n) is defined as 

1 
for n = 1 

!(n) = n 
for n> 2 

!(n -1) 

4 
then prove that: ,}1992 < j(1992) <- ,}1992. 

3 

9. We consider regular n-gons with 
circumference 4. We call the distance 

a fixed 
from the 

centre of such a n-gon to a vertex rn and the distance 
from the centre to an edge an' 

(a) Determine a4, r4, as' rs 

(b) Give an appropriate interpretation 

for a, and r,. 

(c) Prove: a'n = ~ (an + rn) and r2n = J a2"r,,· 

(d) Let uO' up U,' u3' ... be defined as follows: 

1 
Uo = 0, u1 :::: I, un:::: - (un-2 + u

lI
_!) for even n 

2 

and un :::: ~rU-n-2-Un-l for odd n. 

Determine: lim u 
n-->= 

n 

10. There are real numbers a, b, c such that a > b > c > O. 

'b2 'b'" a - c - a-c 
Prove that + + > 3a - 4b + c. 

c a b 
SOLUTIONS 

I. 

Q 

R-r 

'P P 

First, we note that triangle !1 TOpOq has a right angle 
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angle at T, with OpOq = R + r and OpT = R - r. Hence 

OqT = 2../Rr. 
Because of parallel and perpendicular lines, all of angles 
L.P50p, L.TOqOp, L.OpPP' and L.OqQQ' are equal. We 
denote the common value by 8. From triangle !J.OpOqT, 
we note that 

. R-r 2.,fRr 
SIn 8 = and cos 8 = --;c--

R+r R+r 
Using various right triangles, we obtain: 

R(R - r), 2R../ Rr 
OpF' = R sin 8 = ,PP = R cos 8 = ---;:--

R+r R+r 

, 2R.,fRr 2.,fRr 
P 5 = PI" cot 8 = = 

R+r R-r 

, r(R-r) 
QqQ = r sin 8 = --';,-.,.---:. 

R+r 

2r../ Rr 
QQ' = r cos 8 = 

R+r 

Q'5 = QQ' cot 8 = 2r.,fRr 2.,fRr = 
R + r R - r -::R",1-r",2 

Hence, V = '::[ (pp,)2 P'5 - (QQ,)2Q'5 ] 
3 _ 

1t 4R\ 4rR2 4Rr3 4r2 R - -- -
3 (R + r)l Rl - r2 (R + r)l Rl _ rl 

Which is the required volume. 
2. We show that the inequality is valid for an aggregate 
of values of C of which the least is 

n-l 
C(n) = J ,n>2, 

11-1 11-2 n 
Let us first do the easier task of proving the existence of 
Cs which make the inequality valid. Of course this part 
will be redundant as soon as we improve the technique 
to find the least C. 
Setting x; = y? where y; > a (i = 1,,, "n), we are to show, 
equivalently, that for some C we have 

1 

".(i) 
i= l i=1 

Treating the right hand side of (1) as a polynomial in 
C, we observe that all coefficients are non-negative and 
that the coefficient of C,,-I is IYT' 

n / n " 

Thus, ITl+c> L,l C,,-I 
;=1 ;=1 
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But by the Cauchy-Schwarz inequality, we have 
11 , 2 n 

L,Y; <n L,l ' 
j=1 / ;=1 

So inequality (i) will be valid if we choose C = n I/(n-l) 
or larger. This completes the easier task. 

It turns out that n ll(,,· I ) is only a slight overestimate 
of the minimum C, which we now seek. for any C for 

which (i) is valid, set w ; = yi..}n-lIjC, so that (i) 
becomes 

2 

;=1 

or equivalently 

w 2 -1 , +1 ".(ii) 
n 

To find the minimum C we shall first show that the 
following inequality is valid: 

n 2 n 2 'I 

2IT w· -1 L,. Wi < n I + 1 
;=1 ;=1 n 

",(iii) 

we shall use the weierstrass inequality 
m m 

IT{l+a;» I+ L,a; 
;=\ ;= 1 

Which holds if all a; < a or if - 1 < a ; < a for all i. 
Without loss of generality let wI'''' wt > 1 and a < wt+1 
,,,., W" < 1, where t E {a, 1,,,.,nj. Then 

n 

IT 
i=1 

> 

2 ,,2 
w· -1 IT w- -1 , +1 = ' +1 

n . I n 
1= " 

t 2 
~ w- - 1 

1 + L.., ---'-'--
;=1 n ;=t+1 

" t+ L, 
i= t+l 

, t " 
_.2. ~w2 + ~ 12 
-z L.J 1 L.J 

t n 

L,11 + L, 
n ;= 1 ;=t+l ;=1 ;=(+1 

" IT 
i=t+l 

2 ' w· -1 , +1 
n 

1 
>- 2 

n 

(the last inequality by the Cauchy-Schwarz inequality), 
which proves (iii). Note that equality occurs for 
WI = ". W n = L We conclude that (ii) is valid for any C 
with Cn-1nn/(n-l),,-1 > nl , i.e. , with 

n-l 
C> J ,n> 2. 

11-1 11-2 n 



The minimum value C(n) We seek is then as stated at 
the beginning, since for 

2 C. I 
-~ 

n-I 

the original inequality reduces to equality. 

Remark: The above shows C(2) = I, 

C(3)= ~ =1.1547, C(4) = ~=1.1905, 
3 3 42 

4 
C(5) = ~ = 1.1963, and generally C (n) '" 

~53 
which approaches I in the limit. 

3. We consider polynomials p(x) with coefficients in 
a field F of arbitrary characteristic and find as follows: 
(i) If char (F) = 0, (in particular, if F = R), then p(x) = 
a(x-3)2, where a is any scalar (possibly 0) in F; 
(ii) If char (F) = 2, then every p(x) satisfies the equation 
(clear); 
(iii) If char (F) = 2 an odd prime, I, then there are 
infinitely many solutions, including all p(x) = a(x - 3)2 

(xl' - X + c) with a, c E F, and v = 0, I, 2, ... (Note that 
p(x) has the form a(x - 3)' if v = 0. 

To prove this, observe that if char (F) * 2, then x - I 
and x - 3 are coprime, whence p(x) = (x - 3)2 q(x) in 
F[x]. 
Thus our equation becomes 

(xl' - 1)2 (x - 3)2 q(x) = (x - 3)2 (x - 1)2 q(x + 2) H 
whence q(x) = q(x+2), as polynomials; that is, elements 
of F[x]. 
Now if char (F) = 0, then (*) has only constant solution. 
(The most elementary proof of this: without loss of 
generally, q(x) = x" + axn- 1 + .... Then q(x + 2) - q(x) 
= 2nx,,-1 + ... , and this is non-zero if n > 1. Another 
proof: (*) implies that q(x) is periodic, which forces 
equations q (x) = c to have infinitely many roots x, a 
contradiction). 
This establishes the assertion (i). 
Re: assertion (iii). Let char (F) = I and 

q(x) = xl' - x + c. 

Then for x = 0, 1, ... ,1- I , (that is for each element of 
the prime field), we have q(x) = c and so q(x) = q(x+ 1) 
= q(x + 2) = ... , yielding polynomials of degree greater 
than or equal to I which satisfy. (*). This establishes the 
assertion (iii). 

4. In this problem, we will prove that for x, y, z < 0, 

7 ° < (yz + zx + xy) (x + y + z) - 2xyz < _ (x + y + Z)3 
27 

This is the homogeneous version of the original 
inequality. The expression in the middle expands to 
L x2 Y + xyz, which is clearly non-negative. We focus 
on the right inequality, which becomes L x2 y + xyz < 

7 7 14 
_ L x3 + - Lx2y + - Lxyz, which implies 
27 9 9 

6 Lx2y < 7L x3 + 15xyz. 

A property of homogeneous polynomials, and an 
alternate definition, is the following: p(x1, x2' ... , xn) is 
homogeneous of degree k if 

p(!..x1, !..x2, ... ,xn) = ').,k p(x1, x2, ... , xn) for all AE R. 

Going back to the original problem, 

p(x,y, z) = (yz + zx + xy) (x + y + z) - 2xyz. 

If x + Y + z = 0, then all three variables must be 0, 
and the inequality follows. Otherwise, we can set 

I 
A = --- , and then 

x+y+z 

x 
O<p , 

x+y+z x+y+z x+y+z 

y z 7 
<-

27 

5. More generally, for any positive integer n, we 

claim that J4+",j4+(n+2).j4+(n+4~ =n+2, 

where the left side is defined as the limit of 

F(n,m)= 4+ 4+(n+2J4+(n+4rJ ... ~ 
as m ---> = (where m is an integer and (m - n) is even). 
If g(n, m) = F(n, m) - (n +2), we have 
F(n , m)' - (n + 2)2 = (4 + nF(n + 2, m)) - (4 + n (n + 4)) 

= n(F(n + 2, m)- (n + 4)), 
n 

g(n,m) = g(n+2,m). 
F(n,m)+n+2 

Clearly F (n, m) > 2, 

n 
So, 19(n, m)1 < Ig(n+2,m)l· 

n+4 

By iterating this, we obtain 

In( )1 n(n+2) 1 ( )1 n(n+2). 
I¢ n, m < g m,m <-"----'-

m(m+2) m 

Therefore g(n,m) ---> ° as m ---> = 

Let Sn =J 4+(2n-Ir) 4 +(2n + l).j 4+(2n+3~ 
Sn satisfies the recurrence relation 

Sn = J 4 + (2n -1)Sn+1 if and only if 

(S" - 2) (S" + 2) = (Sn - I) S" + I. 
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By inspection, this admits 5" = 2n + 1 as a solution. We 
only have to prove that 51 = 3 to make this induction 

complete. Let 

Tn = 4+J4+3J...(2n-3)J4+2n-~(2n+3) 
and Un = + .. (2n-: =3 

Clearly T" < U" and the latter is identically equal to 3. 
Therefore, using the fact that B > A > 0 implies that 

J(4+ A)I (4 + B) > JA I B, 

T T 
1 < -.!!.:; 11;;;; 

4+ ... +(2n-

3 U" 4+ ... (2n-,/V 

> Jr.+(2n- I)-J2n + 3 

J J. .. + (2n -1)-J2n + 3 

1 

1/n+1 
(2n +3)12 

-->1 

as n --> = [for example, by rewriting as exp {- In (2n + 
3)/2n+l l and using L' Hopita!'s rule]. This proves that 

SI = lirnn--7
00 

Tn = 3. The required expression is precisely 
5 14 and hence its value is 29. 

6. Equal chords subtend equal angles at the centre of 
a circle; if each of sides of length i subtends an angle 
a, (i = I, 2, 3) at the centre of the given circle, then 
2a l + 2a, + 2a3 = 360°, 

a a a where, 1 + 2 = 900 _ 3, 
2 2 2 

a a u 
and cos 1 + 2 = cos 900 _ 3 

2 2 2 

. a 3 = SIn • 
2 

Next we apply the addition formula for the cosine: 

a l u, a l . a, . a 3 cos cos -8m sm = sm , 
2 2 2 2 2 

where, 
. a l 1/ 2 

8m -
2 r 

sin u 2 _~, cos u 2 

2 r 2 

I 
'T.,y 

=A 

a J4r2 -1 
cos I _ ; 

2 2r 

~ ; sin a 3 = 3/2 
r 2 r 

r 

I 

B 

... (i) 

c 
We substitute these expressions into 

after multiplying both sides by 2"', 

(i) and obtain, 

~ MATHEMATICS TODAY I MAynO 

J 4r2 -I.J r2 -I -I = 3r. 

Now write it in the form J (4r' -I) (r' -I) = 3r + I, 
and sqaure, obtaining (4'" - 1)('" - 1) = 9'" + 6r + I, 
which is equivalent to r(2r' - 7r - 3) = O. 
Since r", 0, we have 2r3 - 7r - 3 = 0, which was to be 

shown. 

7. (a) We immediately get x, = 2 and x3 = 2k + I. 
Now we use mathematical induction for the proof. 
Assume that xo' xl' ...• xn are all natural numbers. We 
must show that x + 1 E N. First we note that since x " 

II 1/-

X = xk 1 + I it follows that x ,and x 1 are relatively n 1/- 11 - 1/-

Prime. Using x = (xk 
1 + 1)lx ,we infer that /I /1- 11-

Thus obviously ';;'-2 divides N = (-<':'-1 + I )k + -<,:,_, 
since xn is a natural number. Furthermore, modulo 
x

ll
_

1 
we have: 

N = 1 + xk 1/ - 2 = X n_3 . X n_ 1 = O. 
That is, x'1_1 also divides N and we are done. , 

xn +1 2 
(b) Now, xn+l = <=> x n_1 .xn+1 -xn = l. 

xn- 1 

That is, the sequence {Y nl = {xn_1 . xn+1 - x,;l is constant. 
Setting y 11+1 = YI1 we have 
x x x 2 - X X x 2 

1/' n+2 - n+1 - 11-1' 11+1 - 11 

¢:::} xn(xn + x n+2) = x n+1(xn_1 + x n+1) 

¢:::} xn + xn+2 = x n_1 + xn+l . 

xn+1 xn 

That is, the sequence {z"l = {(X"_I + x"+I)lx,,l is 
constant. From ZI = 3 we get (X"_I + x"+I)lx" = 3; that 
is, xn+l= 3X,1 - x n_1 for all n > I, as claimed. 

8. In general, .,In + 1< f(n) <~ Fn ... (i) 
3 

for all even n > 6. In particular, for n = 1992, we would 

get-JI993 < f(1992) <~ .,11992. 
3 n n 

First note that fin) = f( ) = f(n-2) for all 
n - I n - I 

n > 3. If N = 2k where k > 2, then multiplyingf(2q) 

= 2q f(2q-2) for q = 2, 3, ... , k, we get 
2q-1 

4 6 2k 
f(2k)= - .- .... .j(2) 

3 5 2k-1 

2 -- - • 

1 

4 

3 
• 

6 

5 
... 

2k 

2k-1 
> 

3 

2 

5 -
4 

7 

6 
... 

2k+1 

2k 
• 



(f( k))
2 2.4.6 .. .2k 3.S.7 ... (2k + 1) - k 

Hence, 2 > . - 2 + 1, 
1.3.5 ... (2k - I) 2.4.6 ... 2k 

fen) = f(2k) > ..j2k + I = ..jn +1. • 
• • 

On the other hand, for k > 3 we have 

2(2k) = 2 
3 

< 
2 

3 

S 

6 

7 

8 

4 6 2k - 2 
_ ... .2k 

S 7 2k-1 

2k - 2 
... ----;;:,- 2k. 

2k 

... (ii) 

2 
2 4.6 ... (2k - 2) S.7 ... (2k -I) ( k)2 

. . .2 
3 S.7 ... (2k - I) 6.8 ... 2k 

Hence, (j(2k))2 < 

2 2 
= .4.2k 

3 

from which it follows that 

4 4 
fen) = f(2k) < -..j2k = - .;n. 

3 3 
. .. (iii) • 

• • 

The result follows from (ii) and (iii). 

Note: Using similar arguments, upper and lower 

bounds for fen) when n is odd can also be easily 

d . d I <'f 1.3.5 ... (2k - l) ( II enve . n lact. 1 we set P = llsua y 
2.4.6 .. 2k 

2k -I' 
denoted by . , then various upper and lower 

(2k)! 

bounds for P abound in the literature; for example, it 

I S I 
is known that - < P < -

3 

2 4k+l 2 2k+l 
1 < P<-},;; and 

I n1t 
n+ - 1t 

2 

9. Let 0 be the centre 

of the regular n-gon. Let 

AIA2 denote one side of 
A, 

the regular n-gon 

1t 1t 
= - - - . Thus, I AIA21= 

2 n 

0 

an 

2 21t 2 . 2 1t . 1t = 2, (I - cos ) = 4r SIn - =2, SIn-
n n n n 11 n' 

The circumference of the regular n-gon is 

. 1t 2 
2nr sm - = 4 whence 'n = ---, 

n n . 11: 
nsm 

n 

1t 1t 1t21t 
= rnc08- = - cot_ . 

n n n n 

In particular 

2 1t 1 I I J2 
r4 = - = . 

2 . 1t 2 
SIn-

a
4 

= _ cot_ = _ , 
4 4 2 

4 

2 I 
'8 = -- • 

8 . 1t 4 . 1t SIn_ sm_ 
8 8 

:. sin 1t =L./z - J2, 
8 2 

I 2 I I 
So, r8= - = - . , 

4 J 2- fi 2 J 2- fi 

1t I 2+J2 I I 
and as ='8 C08- =- =- .j2. 

8 4 2- ,/2 42 --./ 2 

1t 21t 
since C08 - = 2 cos - -l. 

4 8 

For (b ), r2 = I, a2 = 0 as the 2-gon is a straight line with 

o lying at the middle of A I and A2. 

For (c), we have 

1t 
an+r,I= rn 1+c08-

n 

2 1t =2, cos -
" 2n 

21t 4 21t 2 1t 
- ----= ,os - = cos - = - cot- . 

4 

n sin 1t 2n 2n sin 1t cos~ 2n n 2n 
n 2n 2n 

I 1 1t 
Thus - (a" + rn) = - cot - = a2n, and 

2 n 2n 

1t 
I 

(05- 2 I 2" a21l n =- --• 
" 2 n • 1t • 1t 

nstn- nstn-
2" " 

so J a2nrn = 1 = '2n-
. 1t 

nSlfl-
2n 

1t 
cos-

2" 
.21t 1t 

sm - (08-
2" 2n 

I --
2 . 2 11: n sm -

2n 

, 

For (d), note Uo = 0, ul = 
1 

I , and u, = - . For n > 2 
2 

we have that un is either the arithmetic or geometric 
mean of un_1 and un_2 and in either case lies between 
them. It is also easy to show by induction that UO' u" 
u4 , . .. form an increasing sequence, and u I' u3' us' ... 
form a decreasing sequence with u21 < u2H1 for all t, 
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Useful for Bank PO, Specialist Officers & Clerical Cadre, 
BCA, MAT, CSAT, CDS and other such examinations 

1. A three digit number has digits a, b, c from the left 
to right with a > c. If the digits are reversed & the 
number thus formed is subtracted from the original 
number, the unit digit is 3. What are the other two 
digits from left to right? 
(a) 6&9 (b) 9&6 (c) 6&3 (d) 9&3 

2. A person has five iron rods with lengths 16, 24, 48, 
72, 104 cm each. He wants to convert into pieces 
of equal length from each of five rods. The least 
number of total pieces, if there is no wastage of 
material is 
(a) 14 (b) 8 (c) 33 (d) 44 

3. In a university, one third boys and half of the girls 
participate in the camp. Out of the total participants 
of 300 students, 100 are boys then find the total 
number of students in the university. 
(a) 600 (b) 800 (c) 500 (d) 700 

3x 21 
4. If4x + 5y ~ 83 and ~-, theny -x is equal to 

2y 22 
(a) 3 (b) 4 (c) 7 (d) 2 

5. The square root of 

7 
(a) 1-

8 

7 
(b) 8 

4 4 
1 1 ' 

1- - 1-
2 8 
1, 2 1, 2 

1- - 1-
2 

7 
(c) 2-

8 

8 , 

• 
IS 

7 
(d) 1-

64 

6. The cube root of 135)3 -87J6 equals 

(a) 3.,[2 +J6 (b) 3)3-..[6 

(c) 2)3 -..[6 (d)None of these 

7, Mahavir purchase 1000 articles at the rate ~ 5 each 
and sold 850 articles at the rate ~ 7 each and rest 
articles at the rate ~ 3.50 each. Find the average 
profit per article sold. 
(a) ~ 1.50 (b) ~ 2.47 (c) ~ 1.47 (d) ~ 1.75 

8. The sum of three numbers is 264. If the first number 
be doubled the second and third number be one
third of the first, then the second number is 
(a) 48 (b) 54 (c) 72 (d) 84 

9, 10 years before, the ratio of ages of A and B was 
13: 17. 17 years from now, the ratio of their ages 
will be 10: 11. The present age of B (in years) is 
(a) 23 (b) 27 (c) 40 (d) 44 

10. The average age of family of five members is 24 
years. If the present age of youngest member is 8 
years. What was the average age of the family at the 
time of birth of youngest member? 
(a) 16years (b) 18years 
(c) 20 years (d) 21 years 

11. The tank full of petrol in Arun's motor cycle lasts 
for 10 days. If he starts using 25% more everyday, in 
how many days will the tank full of petrol last? 
(a) 6 (b) 7 (c) 8 (d) 5 

12. Rajni purchased a mobile phone and a refrigerator 
for < 12000 and ~ 10000 respectively, she sold the 
refrigerator at a loss of 12% and mobile phone at a 
profit of8%. What is the overallloss/profit in whole 
transaction? 
(a) loss of~ 280 (b) loss of~ 240 
(c) profit of~ 2060 (d) loss of~ 640 

13. A merchant earn a profit of 20% by selling 
a basket containing 80 apples, which cost 

~ 240, but he gave.!: of it to his friend at cost price 
4 

and seUs the remaining apple. In order to earn the 
same profit, at what price he seUs each apple? 
(a) < 3.00 (b) < 3.60 (c) < 3.80 (d) < 4.80 

14. Two vessels are full of milk with milk-water ratio 
1 : 3 and 3 : 5 respectively. If both are mixed in the 
ratio 3 : 2, the ratio of milk and water in the new 
mixture is 
(a) 4: 15 (b) 3: 7 (c) 3: 10 (d) 6: 7 
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15. Anil is an active and Vimal is a sleeping partner in 
a business. Anil invests ~ 12000 and Vimal invests 
~ 20000. Ani! received 10% profit for managing 
and the rest being divided in proportion to their 
capitals. Out of the total profit ~ 9000, the money 
received by Anil is 
(a) ~ 4800 
(c) ~ 4600 

(b) ~ 3937.50 
(d) ~ 4500 

16. A and B started a business with ~ 20000 and 
~ 35000 respectively. They agreed to share the profit 
in the ratio of their capital. C joins the partnership 
with the condition that A, Band C will share profit 
equally and pays ~ 220000 as premium for this, to 
be shared between A and B. This is to be divided 
between A and B in the ratio of 
(a) 10: 9 (b) 1: 10 (c) 10: 1 (d) 9: 10 

17. A daily wages worker appointed on a contract is 
paid <' 350 every day. He attends work and <' 125 is 
deducted from his salary as a fine every day remains 
absent. If in a month of31 working days, he earned 
<' 8475, then for how many days he is absent? 
(a) 5 (b) 6 (c) 7 (d) 8 

18. 2000 soldiers in a fort had enough food for 20 days. 
But some soldiers were transferred to another fort 
and food lasted for 25 days. How many soldiers 
were transferred? 
(a) 525 (b) 500 (c) 450 (d) 400 

19. Nishtha can do a piece of work in 25 days and Tina 
can finish it in 20 days. They work together for 5 
days then Nishtha quit herself. In how many days 
will Tina finish the remaining work? 
(a) 20 (b) 18 
(c) 15 (d) None of these 

20. Through an inlet, a tank takes 8 hours to get filled 
up. Due to a leak in the bottom it takes 2 hours 
more to get it filled completely, if the tank is full, 
how much time will the leak take to empty it? 
(a) 20 hours (b) 25 hours 
(c) 40 hours (d) 30 hours 

21. Two pipes P and Q can fill a cistern in 12 and 15 
minutes respectively. If both are opened together 
and at the end of3 minutes the tap P is closed. How 
much longer will the cistern take to fill? 

() 8 
1 . 

a - mmutes 
4 

3 
(c) 8 - minutes 

4 

I 
(b) 8 - minutes 

2 

1 . 
(d) 9-mmutes 

4 
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22. A train of length 150 m takes lOs to cross another 
train 100 m long coming from opposite direction. If 
speed of first train is 30 km/h. What is the speed of 
second train? 
(a) 60 km/h 
(c) 50 km/h 

(b) 55 km/h 
(d) 45 km/h 

23. A motor boat takes 2 h to travel a distance 
of 9 km down the current and it takes 
6 h to travel the same distance against the current. 
What is the speed of current (stream or water flow)? 
(a) 3 km/h (b) 2 km/h 
(c) 1.5 km/h (d) 2.5 km/h 

24. In two types of stainless steel, the ratio of chromium 
and steel are in ratio 2 : 11 and 5 : 21. In what 
proportion should the two typed be mixed, so 
that the ratio of chromium to steel in the mixture 
becomes 7 : 32? 
(a) 2: 3 (b) 3: 4 (c) 1: 2 (d) 1: 3 

25. How many kilograms of the tea powder costing 
~ 34 per kg be mixed with 33 kg of tea powder 
costing ~ 42 per kg, such that the mixture when 
sold at ~ 46 per kg gives a profit of 15%? 
(a) 18 kg (b) 15 kg (c) 14 kg (d) 11 kg 

26. An amount is invested in a bank at compound rate 
of interest. The total amount including interest 
after first year and third year is ~ 1200 and ~ 1587 
respectively. What is the rate of interest? 
(a) 10% (b) 12% (c) 15% (d) 20% 

27. ABC is a triangle right angled at A, AB = 6 cm, 
AC = 8 em. Semi circles are drawn (out side the 
triangle) on the sides AB, AC & BC as diameters 
which enclose the area x, y and z respectively. Then 
z + y equals 
(a) 17 rr cm' 
(c) 20.5 rr em' 

(b) 9 rr12 cm' 
(d) 25 rr/2 cm' 

28. A cylindrical box of radius 4 em consisting of 6 
solid spherical balls, each of radius same as the 
radius of cylindrical box. If the upper most ball 
touches upper cover of the box, then volume of the 
empty space in the box is 
(a) 161t cm3 (b) 641t cm3 

(c) 2561t cm3 (d) None of these 

29. The clock A and B began to strike 12 together. 
Clock A strikes its strokes in 33 seconds and the 
clock B strikes its strokes in 22 seconds. What is the 
difference of interval between the 5th stroke of clock 
A and the 7th stroke of the clock B? 
(a) 0 sec (b) 2 sees (c) 3 secs (d) 4 sees 



30. If sinx + cosx = P & sin3x + cos3 X = q, then what is 
p3 _ 3p equals? 

(a) 0 (b) - 2q (c) 2q (d) 4q 

SOLUTIONS 

I. (a): Let original number = 100 a + 10 b + c ... (i) 
After interchanging the digits nwnber = a + 10 b + 100 c 

... ( ii) 
Now, subtracting (ii) from (i), we have 

Required number = 99 (a - c) 
As, unit digit in 99 (a-c) is 3, so a - c = 7 

:. 3 digit number = 99 x 7 = 693 

2. (e) 3. (d) 4. (b) 5. (a) 

6. (b): 13513 -87J6 =313(45-29ji) 

:. (13513-87J6)1/3 =13(45-29ji)1/3 

Again, let (45-29ji)1/3 =x-,jY ... (i) 

:. (45 + 29ji)1/3 =x+,jY ... (ii) 

Now multiplying (i) and (ii), we get 
(2025 - 1682) 1/3 = x2 _ y => x2 _ y = (343)113 

=> y=x2 -7 
Again cubing (i), we get 

45-29ji=x3 -3x2,jY+3xy-y,jY ... (iii) 

Equating rational parts of (iii) 

x3 + 3xy = 45 => 4x3 - 21x - 45 = 0 

=> x = 3(by using remainder theorem) 

:. y = 9 - 7 = 2 

Hence, (135J3-87J6)1/3 =J3(3-ji) 

7. (e) 

8. (e): Let the second number be x . 
Then first number is 2x and third number is 2x. 

According to problem, 2x + x + 2x = 264 
3 

=> 11x = 3 x 264 => x = 72 

9. (b) : In the problem x = 13k, Y = 17k 

3 

:. Present age of A is 13k + 10 and B is 17k + 10 

:. According to problem, we have 

I3k+10+17 10 
-:-::-;-c-:---c-= = ~ => 27 k = 27 => k = I 
17k+10+17 11 

:. Present age of B = 17k + 10 = 17(1) + 10 = 27 years 

10. (e) 

II. (e) : Let the quantity of petrol used everyday be x. 

:. Quantity of petrol used for 10 days = lOx 

= total petrol available 

As the petrol used 25% more everyday 

:. Quantity of petrol used everyday = x + x =~ x 
4 4 

:. Required number of days 

= Total petrol available = lOx = 40 = 8 

Petrol used everyday 5x 5 
4 

12. (b) 13. (e) 

14. (e): The ratio of milk and water in new mixture be x. 
Now, according to problem, and using law of 

mixture we have 
3 _ -x 
8 

I 
x- -

4 

3 
= - => 

2 

3 - 8x 3 
-;---; = -
4x-1 I 

:. Required ratio is 3 : 10 

3 ==> X= -
10 

IS. (b) : Ani]'s share for managing the business 

= 10% of, 9000 =, 900 

The profit which is distributed = ,8100 

Now ratio of investment = 12000 : 20000 = 3 : 5 

:. Anil's share=8100 x~ =3037.50 
8 

:. Total amount received by Ani! =, 3937.50 

16. (e) 17. (a) 18. (d) 19. (d) 

20. (e): Let the leak takes x hours to empty the tank. 

Now, part filled by inlet in I hour = 1/8 

Part filled by inlet and leak (outlet) together in I 

I 1 
hour = =~ 

8 + 2 10 I I I 
Now, according to problem - =- -~ => x = 40 

x 8 10 
21. (a) 

25 
22. (a): Speed of 1st train = 30 km /h =~ mls 

3 
Total length of both the trains = 250 m 

Let speed ofnnd train be x m ls 
Total time = 10 s 

Total distance 
------~----------~--

Speed of 1st train + Speed ofnnd train 

250 250x3 
=> 1 0 = => -::-----:c:: = 1 0 

25/3+x 3x+25 

50 
==> X=-

3 

. 50 18 
:. Speed ofnnd tram =~ x~ km/h = 60 km/h 

3 5 

23. (e) 

27. (e) 

24. (e) 

28. (e) 

25. (d) 

29. (a) 

26. (e) 

30. (b) 

~~ 
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